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Abstract
We experimentally observe a new type of quantum-path interference, in two-dimensions
(2D-QPI), in high-harmonic generation (HHG) driven by an orthogonally-polarised highly-
bichromatic field. This regime is characterised by a relatively strong orthogonal second-harmonic
component beyond the weak perturbation limit, such that the electron dynamics are substantially
modified. In this highly-bichromatic regime, we demonstrate that 2D-QPI is encoded in the mea-
sured harmonic intensity modulations with respect to the relative phase of the two-colour field.
The modulations of the odd-order harmonics show a monomodal behaviour, whereas the even
harmonics are modulated in a bimodal structure. Our calculations using the strong-field approx-
imation and saddle-point method disentangle contributions from multiple quantum orbits in this
HHG regime, revealing that the dipole response for both odd and even harmonics inherits the
dynamic symmetry of the orthogonally-polarised driving field. This new type of 2D-QPI offers a
novel route to HHG spectroscopy of attosecond electron dynamics by lifting up the dimensionality
of the quantum paths involved in the interference.

1. Introduction

High-harmonic generation (HHG) is a pivotal process in strong-field light–matter interactions, lead-
ing to the production of attosecond pulses in the extreme ultraviolet (XUV) regime [1–3]. The HHG
process can be described in terms of the three-step model [4, 5], which highlights that the generated
attosecond XUV pulses are highly influenced by the subcycle temporal structure of the driving laser field.
Thus, a common technique to tailor the resulting XUV pulses is to employ bichromatic fields to drive
HHG. Mixing a fundamental (ω) field with an additional commensurable frequency component, with
control over the components’ frequencies [6], polarisation [7] and the two-colour relative phase [8] and
intensity ratio [9], allows to harness these subcycle dynamics. In these previous investigations, the weak
second-harmonic (2ω) field is often considered as a perturbative probe, typically with an intensity ratio
of I2ω/Iω < 2% [10–12].

As one of these bichromatic configurations, HHG in orthogonally polarised two-colour fields has
been intensively investigated [8, 11, 13–17]. One notable application was the enhancement of the total
harmonic intensity [13, 18] compared to HHG driven by a single-colour field. Because electron dynam-
ics are no longer limited to 1D quantum paths but are instead unfolded into a 2D plane, high-harmonic
spectroscopy techniques can access quantum dynamics in systems where control over the recollision
angle would allow tomographic probing. Thus, it has been demonstrated that it is possible to retrieve
the ionisation and recombination times of electronic wavepacket trajectories that lead to high harmonic
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XUV emission in atoms [11, 19], probe valence electron wavepackets [14] and atomic wavefunctions
[15]. The retrieval scheme is generally based on utilising harmonic intensity modulation to extract the
microscopic electron dynamics.

It is only recently that highly-bichromatic laser drivers have attracted interest in HHG, where the
additional second-harmonic field is no longer a perturbation [16, 17], corresponding to I2ω/Iω > 2%. In
this non-perturbative two-colour regime, the second-harmonic field can be used as a tool to significantly
reshape the ionisation time and steer electronic wavepacket trajectories in the continuum, which results
in more than one relevant recombination event in each half-cycle. It is also expected to fully make use
of the 2D steering of the electronic wavepacket in the continuum, to provide interesting angles of rec-
ollision and probe systems tomographically. Several studies in similar strong 2ω regimes have reported
control over the HHG process, showing that the polarisation of harmonics can reach high degrees of
ellipticity [16, 20], and allowing selection over quantum trajectories [17].

Full realisation of this control over the emitted high harmonics requires the experimental manip-
ulation of the driving field to be supported by a deep theoretical understanding of the dynamics. For
HHG, theory typically takes the form of simulations of the time-dependent Schrödinger equation
(TDSE), which can be matched to intuitive classical-trajectory dynamics [4, 5] through the quantum-
orbit formalism of the strong-field approximation (SFA) [21, 22]. This provides a quantitative model
based on saddle-point methods that directly matches the classical intuition. For bichromatic fields, both
TDSE simulations [23, 24] and classical models [25] have been reported. However, to the best of our
knowledge, the key link provided by the quantum-orbit description has only been applied to bicircular
fields with inherent dynamical symmetry [26–28] and to perturbative two-colour configurations [19].
At present, though, a quantum-orbit description for HHG driven by bichromatic fields with a non-
perturbative second-harmonic component has not yet been clearly established, and poses significant
challenges of its own.

In this work, we experimentally demonstrate a new type of quantum-path interference (QPI) [29]
using a highly-bichromatic field with orthogonal components. For the first time, we apply the saddle-
point methods to HHG in this regime, which allows us to distinguish between the contributions from
various 2D trajectories involved in the physical process. The observed bimodal even-harmonic inten-
sity modulations with respect to the two-colour relative phase are identified as a 2D-QPI feature in the
highly-bichromatic regime, where QPI truly unlocks the potential of the extra control handles provided
by the additional field by allowing drastic reshaping of the sub-cycle dynamics through their strong
dependence on the relative two-colour phase. Ultimately, the further analysis of the quantum orbits
shows how the dynamical symmetry of the driving field is imprinted onto the harmonic dipole lifting
up the dimensionality of the QPI.

2. Experimental observations

2.1. Experimental schematic
We performed the experiment using the High-Harmonic Beamline at the extreme light infrastructure
(ELI Beamlines Centre, ELI ERIC) [30]; a schematic of the setup is shown in figure 1. The main infrared
driver (ω) for HHG is the L1 Allegra laser system (15 fs, 800 nm, 24 mJ, 1 kHz) based on optical para-
metric chirped pulse amplification [31]. The power of the input pulse is controlled using a motorised
iris. A β-barium borate (BBO) crystal (200 µm, type-I, cut at 29.2◦) is used for second-harmonic (2ω)
generation with polarisation orthogonal to the ω driver. A calcite plate (500 µm, cut at 45◦) is mounted
on a motorised rotational stage allowing precise control over the orientation of the optical axis, which
enables fine scanning of the two-colour relative phase ϕω-2ω . The L1 compressor was optimised before
the gas interaction to pre-compensate for the dispersion introduced by the optical components in the
beam path. The collinearly propagating fundamental (ω) and second-harmonic (2ω) beams are focused
by a spherical mirror with a focal length of 5 m (f-number of 266, corresponding to beam diameter of
18.8 mm limited by the iris diameter) onto a continuous argon gas cell (0.5 mm, 40 mbar) to drive
HHG. The focal spot was characterised by imaging it through a lens positioned behind the focus. The
measured value of the IR beam diameter in the focus for the iris diameter 18.8 mm was 280 µm. This
experimental geometry corresponds to a confocal parameter of 154 mm. Since the gas medium length is
much smaller than the confocal parameter, the gas target can be considered a thin medium, for which
propagation-induced variations of the driving field are minimised. Under these conditions, contributions
from both short and long trajectories can be identified through their far-field divergence. The energy of
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Figure 1. Schematic of the experimental setup. The fundamental beam generates the second harmonic in a BBO crystal
(type I). The two-colour relative phase is controlled by the fine rotation of the calcite plate (CP) θ angle. The bichromatic field
is focused into an argon gas cell by a spherical mirror with a 5 m focal length, and the high harmonics are characterised by a flat-
field spectrometer.

the two-colour driving beam was measured using an energy metre in combination with a dichroic mir-
ror positioned in the beam path after the focusing optics. This configuration enabled simultaneous mea-
surement of both fundamental and second-harmonic beams. The 2ω conversion efficiency is 11%. The
intensities of the ω and 2ω laser pulses at the focus are estimated to be Iω ≈ 1.5× 1014 W cm−2 and
I2ω ≈ 1.8× 1013 W cm−2, respectively, giving the intensity ratio RI = I2ω/Iω ≈ 0.12. Two aluminium fil-
ters (1 µm and 0.2 µm) are placed 6 m after the gas cell to block the bichromatic driving laser and low-
order harmonics. The emission of high-order harmonics is detected using a flat-field XUV spectrometer
composed of a blazed concave grating and a soft-x-ray CCD camera (Andor) placed 9.2 m after the gas
target.

2.2. Experimental results
The HHG spectrum in the far field varies with two-colour relative phase ϕω-2ω (defined in equation (1)
below). In figure 2, HHG spectra for two calcite plate θ angles are shown; the angle difference corre-
sponds to approximately π/2 phase difference between the two panels (1/4 cycle of the ω field). We
show in figure 2(a) an HHG spectrum with a larger divergence, associated with long trajectories con-
tributing to the off-axis signal at ϕω-2ω = 0, corresponding to a figure-of-eight Lissajous figure for the
electric field, through the theoretical modelling described below. In comparison, the harmonics are less
divergent for ϕω-2ω = π/2 (figure 2(b)), corresponding to a crescent-shaped Lissajous figure for the
field, and the overall intensity yield of HHG is considerably higher which is consistent with previously
reported work [8, 17].

The measured HHG spectra as a function of ϕω-2ω are shown in figure 3(a), the spectrum is inte-
grated along the spatial divergence axis shown in figure 2. This is to capture QPI, where the experi-
mental geometry allows the far-field signatures of different trajectories to be preserved. This mapping
is well characterised in the case of single-colour [29] or weak second-harmonic field driving HHG [11].
However, in the case of a highly-bichromatic driver this mapping can be complex, therefore a selection
of divergence is not necessarily a reliable filter for isolating a specific trajectory contribution or inter-
ference. On the contrary, full spatial integration ensures that all trajectories are considered. Individual
intensity modulations are shown in figure 3(right) for an even (H24, b) and an odd (H25, c) harmonic
order, where dots represent the experimentally measured data, with ϕω-2ω wrapped in 2π. The lines are
the results from the SFA calculation (see Theoretical calculation section). The simulated intensity mod-

ulations are first fitted to a two-term Fourier model for harmonic order q: f (q)fit (t) = a(q)0 + a(q)1 cos(ωt)+

b(q)1 sin(ωt)+ a(q)2 cos(2ωt)+ b(q)2 sin(2ωt) via the least-squares algorithm. The absolute phase difference
is not directly measured in the experiment, so the measured intensity modulation is shifted to match the

SFA calculation; the shift τ is obtained by fitting the SFA result f (q)fit (t− τ) to the measured data using
the least-squares algorithm. This constant translation of the phase axis was applied when comparing the
measured modulation with the SFA calculation. For the harmonic orders shown here, the required phase
shifts are very similar and are approximately τ ≃ 1.06 rad. This phase-axis translation only accounts for
the undetermined absolute phase and does not change the observed modulation structure or the physi-
cal interpretation of our findings. To quantify the agreement, we calculated the root-mean-square error
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Figure 2. Far-field spatially-resolved HHG spectra for relative phase of (a) ϕω-2ω = 0 and (b) ϕω-2ω = π/2, corresponding
Lissajous figures are illustrated on the right.

Figure 3. (a) Two-colour relative phase scan; (b) and (c) experimental data (circles) and SFA simulation (lines) of total intensity
yield modulation for harmonic order (b) 24 and (c) 25.

between the phase-shifted experimental modulation and the SFA result, obtaining values of 0.15 for
H24 and 0.11 for H25. These relatively small deviations support that the SFA calculation captures the
dominant phase-dependent modulation structures observed experimentally.

For each harmonic order, a scan over the relative phase yields an oscillation in harmonic intensity.
These oscillations exhibit distinct structures between even and odd harmonic orders, as illustrated in
figure 3: for odd orders (c) we find a monomodal oscillation, while for even orders (b), the oscillation
demonstrates a bimodal structure.

The implementation of a thin gas medium indicates that the laser intensity and Gouy phase vary
negligibly over the HHG region. This thin-target geometry reduces the accumulated macroscopic prop-
agation and phase-matching effects, although such effects can still modify the absolute harmonic yield
and the modulation contrast. Under these conditions, the observed phase-dependent modulation struc-
tures can be primarily associated with the microscopic atomic response. Their consistency with the SFA
calculations therefore supports the interpretation that the measured modulations mainly arise from
interference between electron trajectories.
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3. Theoretical calculations

3.1. Quantum orbits in the SFA framework
We calculate the HHG signal generated by our highly-bichromatic field, for which the electric field is
defined as

E(t) = Eω sin(ωt) x̂+ E2ω sin(2ωt+ϕω-2ω) ŷ (1)

with two-colour relative phase ϕω-2ω . We define the intensity ratio RI via the ratio of amplitudes of the
two field components: E2ω/Eω =

√
RI. To simulate the experimentally observed HHG signal, we calcu-

late the microscopic HHG response in terms of the dipole of the harmonic radiation D(qω), for a given

harmonic order q. The intensity of a given harmonic is then given by I(qω) = (qω)4

2π c3 |D(qω)|
2 [32]. The

theoretical calculation of the microscopic HHG response has been performed using the SFA to simulate
the harmonics’ intensity modulation in the experiment. We use the SFA [32, 33] such that the dipole of
the harmonic radiation for harmonic order q can be expressed in terms of the integral over ionisation
(ti) and recombination (tr) time as

D(qω) =

ˆ ∞

−∞
dtr

ˆ tr

−∞
dti d(ps +A(tr))Υ(ki)

(
2π

i(tr − ti)

)3/2
eiS(ps,ti,tr) + c.c. (2)

with the dipole transition matrix element d(k) = i
√
2k

π
√

2Ip(k2+
√

2Ip)2
5, ionisation amplitude Υ(ki) =

1
2π
√

Ip
and the stationary momentum ps = ps(ti, tr) =− 1

tr−ti

´ tr
ti
A(t)dt; we use atomic units (a.u.) unless

specified otherwise. The exponent in equation (2) contains the semi-classical action

S(ps, ti, tr) =−
ˆ tr

ti

dt

[
Ip +

1

2
(ps +A(t))

2
]
+ qωtr. (3)

As the integral in equation (2) is highly oscillatory, it is convenient to solve it using the saddle-point
methods, which reduces the integration to a sum of contributions stemming from saddle points of the
exponent [32, 33]:

D(qω) =
∑
s

Ds (qω) (4)

=
∑
s

2π√
−det(S′′)

d(ps +A(tr,s))Υ(ki)

(
2π

i(tr,s − ti,s)

)3/2
eiS(ps,ti,s,tr,s) + c.c. (5)

Here S
′ ′
is the Hessian matrix of total action S(ti, tr) and the saddle points (ti,s, tr,s) can be found by

solving the system of equations

∂S
∂tr

= 1
2 (ps +A(tr))

2
+ Ip − qω = 0

∂S
∂ti

= 1
2 (ps +A(ti))

2
+ Ip = 0.

(6)

The summation in equation (5) then includes all saddle points s that are part of a steepest-descent inte-
gration domain. Each saddle point corresponds to an electron trajectory defined by its ionisation and
recombination time, and hence gives rise to the understanding of the HHG process in terms of several
quantum orbits [22, 27].

When using a monochromatic driving laser field, the trajectories within one half-cycle of the field
can easily be classified as ‘short’ and ‘long’ trajectories with regards to their travel time Re(tr − ti). As we
add a strong 2ω field to the fundamental driver, there are usually more than two saddle points (trajec-
tories) within one half-cycle. Furthermore, the multi-index classification scheme used in e.g. [36–39]
breaks down as the number of ionisation bursts changes with relative intensity RI and relative phase
ϕω-2ω . A generic classification of all those saddle-point solutions is therefore far from trivial and requires
to account for coalescences and branch cuts of the solutions [40, 41]; indeed, the different trajectories
can be seen to form simply different branches of a single unified Riemann surface [40]. As a general

5 We model the spherically-symmetric argon gas using a hydrogenic orbital, as per usual practice [34]. While there are some differences
between s-shell and p-shell atoms [35], these are expected to be minimal in this context.
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Figure 4. Ionisation and recombination times for a two-colour field with intensity ratio RI = 12% and ϕω-2ω = 0. (a) The total
amplitude (black solid line) and its component fields—the fundamental component polarised in the x direction (red dashed line)
and the 2ω component polarised in the y direction (blue dotted line). The field amplitudes in panel (a) are shown in normalised
units, with the peak fundamental-field amplitude set to unity. (b) Real parts of the saddle-point times (ionisation on the left-
hand side, recombination on the right-hand side) across a range of harmonic orders. For the shown field configuration, there is
one short (purple) and one long (pink) trajectory per half-cycle; the first half-cycle solutions are drawn in solid lines, the second
half-cycle ones in dashed lines.

rule, a rigorous method to decide on whether the contribution from a chosen saddle point should be
included into the final harmonic dipole has long been recognised, if somewhat quietly, as a challeng-
ing or even inaccessible problem [27, 42]. However, determining the subset of saddle points that lie on
a valid steepest-descent integration domain is independent of their classification: a given saddle point
is relevant if its attached steepest-ascent manifold intersects the original integration domain [43]. This
method allows us to consistently evaluate the dipole while accounting for all the relevant saddle points
in our configurations.

Within this work, we restrict the intensity ratio RI to 12% as used in the experiment. For the two-
colour relative phase ϕω-2ω = 0, we show in figure 4 the most relevant ionisation and recombination
times for a range of harmonic orders ((b), bottom panel), alongside the respective electric field of the
driving laser ((a), top panel). We can clearly identify the familiar structure of a pair of short (purple)
and long (pink) trajectories per half-cycle, where the short trajectories need to be discarded beyond the
high-order harmonic cutoff at H29. We have drawn the first half-cycle solutions with solid lines and the
second half-cycles’ solutions with dashed lines, for consistency with the subsequent figures. Throughout
the scan of the relative phase ϕω-2ω we can distinguish the long trajectories from their shorter counter-
parts, and for the majority of the scan we can identify the familiar structure of two trajectories per half-
cycle as shown in figure 4.

3.2. 2D QPI in the two-colour relative phase scan
We now turn to the evaluation of the harmonic signal throughout a scan of the relative phase ϕω-2ω as
explained above. To explain the origin of the observed intensity oscillations, in figure 5 we plot the har-
monic response for two subsequent harmonic orders (H24 in (a,b), H25 in (c,d)) and look at the x (a,c)
and y (b,d) components separately. Within each panel, we show the total harmonic signal (upper panel)
and the contribution from the various trajectories (lower panel). The components of the total intensity
are calculated as Ii,total ∝ (qω)4|Di(qω)|2 (for i = x,y) and normalised to the maximum of the oscillation
shown in panel (c).

The contributions of the various trajectories are then shown in terms of their major polarisation axes
M of the harmonic dipole ellipse. That is, the electric field associated with a harmonic dipole Ds(qω)
can be expressed as

Eqω (t) =Ds (qω) e
iqωt = eiγ (M+ iN) , (7)

where M and N are the major and minor polarisation axes, respectively, and γ is known as a rectifying
phase [44], as shown in figure 6, the elliptical field-shape representation of equation (7).

For the harmonic signal in figure 5 we only show the x and y components of M, as the intensity
along the minor polarisation axis N is negligible, with |N|/|M| in the order of 5%. From figure 5 we can
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Figure 5. Total harmonic intensity modulation (top subpanels) as well as the main contributions from the most dominant tra-
jectories (bottom subpanels) throughout a scan of the relative phase ϕω-2ω. Those contributions are given in terms of the com-
ponents of the major polarisation axes of the harmonic field ellipse,Mx andMy. In the top row, we show (a) the x (parallel to
the ω polarisation) and (b) the y (parallel to the 2ω polarisation) components for H24, and in the bottom row (c) and (d) the
same components for H25. All SFA intensities and trajectory-contribution amplitudes are shown in arbitrary units, representing
relative phase-dependent modulations rather than absolute harmonic yields.

Figure 6. Polarisation ellipse.

now understand the following: for H24 (top row) the trajectories from within the two subsequent half-
cycles (solid and dashed lines respectively) produce dipoles with opposite orientation, and their polarisa-
tion axes are symmetric along the x axis (see bottom figure in panel (a)). As a result, their contributions
interfere destructively in the x direction and the x component of the total intensity vanishes (panel (a)).
The y components of the trajectories, however, are oriented in the same direction for the two half-cycles
(dash-dotted lines in the bottom figure of panel (b)). Hence, their contributions interfere constructively
to produce an oscillating, non-zero harmonic signal along the y direction (panel (b)). For H25 the sit-
uation is inverse: The x components of the individual trajectory’s major dipole axes are oriented in the
same direction for the two half-cycles and interfere constructively. This produces an oscillatory total
signal (panel (c)). Conversely, the y components have opposite orientation for the two half-cycles and
therefore interfere destructively such that the total signal is zero (panel (d)).

This correspondence between the polarisation of the harmonics and their order is rooted in the sym-
metry of the field [45], and has been used as a proxy to infer polarisation characteristics in the weakly-
bichromatic regime [11, 19]. In our case, the resulting oscillations differ significantly between the x and
y components for the various trajectories, and this assignment allows us a deeper insight into the mea-
sured mono- and bi-modal oscillations in the signal. The oscillation pattern along the two axes can be

7
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Figure 7. Displacements s(Re(t)) for two short trajectories within one optical cycle for a two-colour field as above, with
ϕω-2ω = 0, for the two subsequent harmonic orders 24 and 25 shown (a) over time, and (b) in space.

related to the frequencies of the driving field: the observed modulation of the harmonic signal along the
x axis follows the ω field, and the oscillation along y follows the 2ω field.

To visualise this further, in figure 7 we show the electron’s displacement, i.e. the orbit during the
propagation in the laser field, which is given by

s(t) = Re

[ˆ t

ti,s

(p+A(t ′)) dt ′
]
. (8)

for the two most dominant trajectories for harmonic order 24 (red) and 25 (blue) generated from a
field with ϕω-2ω = 0. That is, these orbits correspond to the two short trajectories whose dipole polari-
sation axes are depicted in figures 5(a) and (b) in violet. In figure 7(a) we show the components of the
displacement in x and y direction. We find that the x component is opposite for the two half-cycles,
i.e. negative for t≲−20 (solid lines) and positive for t≳−20 (dashed lines), while the y direction is
identical in both half-cycles (thin dotted lines). In figure 7(b) we plot exactly the same orbits, but in x–y
space. As expected, we find the trajectories start away from the core, where the electron appears in the
continuum, are subsequently driven further away and then return in a slingshot-movement back to the
core (at (0,0)) where they recombine. Most importantly, we can clearly see that the trajectories in the
first (solid line) and second (dashed line) half-cycles appear symmetric with respect to the x axis.

Generally, while the trajectories only change slightly from H24 to H25, figures 7(a) and (b) both
clearly demonstrate the symmetry imposed by the driving field. That is, the trajectories in the second
half-cycle are flipped along the x axis with respect to the trajectory in the first half-cycle. Moreover, both
figures show that the displacements in y direction (up to ≈ 5a.u.) are smaller than those in x direction
(up to ≈±13a.u.). This can readily be explained as the y component of the driving field (which oscil-
lates with 2ω) is weaker (reminder: intensity ratio RI = 12%) than the x component.

4. Conclusion

We demonstrate that 2D-QPI can be observed in HHG from gas-phase atoms driven by highly-
bichromatic fields. The interference leads to different intensity modulation patterns for the odd and even
harmonics, monomodal and bimodal, respectively, over a scan of the two-colour relative phase between
the ω and 2ω field components. We performed calculations within the SFA framework, which are consis-
tent with the main phase-dependent features of the measured intensity modulations and provide further
insight into their microscopic origin. For even harmonic orders the component of the dipoles along the
ω polarisation (x) cancel each other out and result in a vanishing signal in the x direction, while along
the 2ω polarisation in the y direction they add up constructively; for odd harmonic orders, the x com-
ponents add up and the y components interfere destructively. These dynamical symmetries of the field
can immediately be visualised by the electron displacements of the short trajectories within each half-
cycle. Those trajectories in the second half-cycle appear flipped along the x axes, while the y component
remains the same.

The bimodal nature of the even-harmonic intensity modulations can thus be directly traced to
the interference between the y components of the trajectories’ dipoles. This inherits a more complex
behaviour from the higher frequency of the field in that direction, and it is explicitly revealed in the
spectral domain since the symmetry of the field requires the even harmonics to be polarised in the same
direction as the 2ω driver.
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Our results demonstrate a clear signature, and give a comprehensive picture, of 2D-QPI produced
in HHG driven by highly-bichromatic laser fields. This introduces the bichromatic phase delay as a new
observable for QPI, applicable to both collinear (1D) and orthogonally polarised (2D) two-colour driv-
ing field geometries. Highly-bichromatic fields are an emerging and increasingly available and powerful
tool to shape attosecond HHG light, with significant flexibility coming from the large number of handles
they provide. This generation of attosecond light sources suggests the first step toward 2D attosecond
spectroscopy techniques to resolve ultrafast electronic dynamics. The understanding of QPI provided by
our results builds the foundation for detailed control over harmonic emission in this regime.
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[35] Pisanty E and Jiménez-Galán Á 2017 Strong-field approximation in a rotating frame: high-order harmonic emission from p states

in bicircular fields Phys. Rev. A 96 063401
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