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Light-matter interactions within the strong-field regime, where intense laser fields can ionize a target
via tunneling, give rise to fascinating phenomena such as the generation of high-order harmonic radiation
(HHG) and, correspondingly, light pulses of attosecond duration. On the atomic scale, these strong-field
processes are naturally described in terms of highly oscillatory time integrals which are often approximated
using saddle-point methods. Those methods simultaneously simplify the calculations and let us understand
the physical processes in terms of semiclassical electron trajectories, known as quantum orbits. However,
applying saddle-point methods for HHG driven by polychromatic laser fields without clear dynamical sym-
metries has remained challenging. Here we introduce Picard-Lefschetz theory as a universal and robust
link between the time integrals and the semiclassical trajectories, for arbitrary driving laser fields. The
continuous deformation of the integration contour towards so-called Lefschetz thimbles allows for an ex-
act evaluation of the integral, as well as the identification of relevant quantum orbits, independently of
dynamical laser field symmetries or quantum-orbit classification heuristics. The latter is realized via the
“necklace algorithm,” a solution to the open problem of determining the relevance of saddle points for
a two-dimensional integral, which we introduce here. We demonstrate the versatility and rigor of Picard-
Lefschetz methods by studying Stokes transitions and spectral caustics arising in HHG driven by two-color
laser fields. For example, we showcase a quantum-orbit analysis of the color switchover, which links the
regime of perturbative two-color fields with that of fully bichromatic driving fields. With this work, we
set the foundation for a rigorous application of quantum-orbit-based approaches in attosecond science that

enables the interpretation of state-of-the-art experimental setups, and guides the design of future ones.

DOI: 10.1103/d2pt-xp7x

I. INTRODUCTION

In quantum mechanics, transitions between states can be
described using Feynman’s path-integral formalism, which
considers all possible trajectories connecting initial and final
states. Saddle-point methods (SPMs) allow this highly os-
cillatory integral to be approximated as a discrete sum over
dominant, classical-like paths, providing both computational
efficiency and physical insight. In attosecond science, a field
with the goal of measuring atomic, electronic, and molecu-
lar dynamics on their natural timescale, SPMs have played
a central role from the outset [1-3]. To probe the ultrafast
dynamics, attosecond science relies on highly nonlinear light-
matter effects such as above-threshold ionization (ATI) and
high-order harmonic generation (HHG). The theoretical de-
scription of those optical processes within the strong-field
approximation has been linked to a semiclassical picture of
discrete electron trajectories dictated by monochromatic light
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fields, known as the quantum-orbit formalism [4-6]. However,
the technological development of the past decades has enabled
the use of more complex laser fields to drive the nonlinear
optical processes. With that, the framework of SPMs has
begun to show its limitations. Specifically, in the absence of
temporal symmetries in the laser waveforms it becomes un-
clear which trajectories (i.e., which saddle points) contribute
meaningfully to the dynamics.

Here, we introduce the methods of Picard-Lefschetz the-
ory [7-10], the formalized generalization of all SPMs, as a
universal approach to the most common integrals arising in
attosecond science. Picard-Lefschetz theory suggests a rig-
orous mathematical definition of the Feynman path integral
in terms of steepest-descent manifolds connected to saddle
points of the phase function [11]. This allows the analysis of
phenomena that were previously inaccessible to semiclassical
methods like spectral caustics [12—17], and with that, provides
a deeper understanding of the underlying quantum dynamics.

Within attosecond science, the strong-field approximation
(SFA) is the main theoretical framework to describe the mi-
croscopic response of a gas atom subjected to a strong driving
laser field whose peak intensity is comparable to the Coulomb
force. The SFA offers an intuitive description of the process
of HHG in terms of the three steps: (1) tunnel ionization,
(2) propagation in the continuum and acceleration by the
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driving field, and (3) recombination with the parent ion to
emit a high-energetic photon [1,18,19]. The spectrum of high-
energy photons typically covers a long range of frequencies
(the HHG plateau), which temporally correspond to a train of
short flashes of light—Ilight pulses of attosecond duration. To
understand and control the properties of this attosecond pulse
it is necessary to understand the process of HHG for a range
of different driving laser fields.

Nonsymmetric driving fields are of growing interest be-
cause they have demonstrated precise control over the
temporal and polarization characteristics of the created HHG
spectra [20-24] and offer additional insights to the quantum
dynamics at play [25,26]. These tailored light fields are often
a combination of laser fields of different frequencies and po-
larization. For example, a weak commensurate second color
field can be used to modify strong-field ionization such that
an additional phase delay scan allows to measure the intricate
details of the tunneling process [27-30]. Going beyond the
perturbative regime when adding a second field can extend
the range of generated harmonic frequencies, increase the
overall signal, and ultimately change the spectral and tempo-
ral properties of the created attosecond pulse [22,23,26,31—
34]. Lastly, by creating three-dimensional polarization states
of light it becomes possible to distinguish between chiral
enantiomers of molecules [35,36]. The heuristics that were es-
tablished to describe the atomic response in terms of discrete
quantum orbits (corresponding to the different saddle points
in the SPM), however, were developed for simple, monochro-
matic, and one-dimensional driving field shapes. They fail for
those generic drivers with arbitrary waveform.

To overcome these limitations we need to advance our
understanding of SPMs. Their mathematical backbone and the
generalized approach to highly oscillatory and only condition-
ally convergent integrals is Picard—Lefschetz theory [7-9]. As
such, Picard—Lefschetz theory has been introduced to solve
high-dimensional path integrals in quantum field theories and
was applied to solve path integrals in other areas of physics
[10,37—41]. The fundamental idea is that there exists a con-
tinuous deformation (the downward flow) of the integration
contour into the complex plane such that, evaluated along
this new contour, the integrand oscillations minimize, while
giving an exact formulation of the integral. This new contour
is called the Lefschetz thimble and passes through the relevant
saddle points of the integrand’s phase function. Vice versa,
this means that we can identify relevant saddle points by
checking if the inverse deformation (i.e., the upward flow)
lead back to the original integration contour.

The aim of this paper is to introduce Picard—Lefschetz
theory to attosecond science. We demonstrate its effective-
ness by addressing two challenges that remain inaccessible to
the established semiclassical quantum-orbit methods: tackling
configurations that exhibit caustics (where multiple saddle-
point solutions coalesce) and, more generally, obtaining the
strong-field response throughout any continuous parameter
scan that changes the number of relevant trajectories. For
that, this work is structured as follows. We begin in Sec. II
with a brief overview of the existing quantum-orbit formalism
for the ionization amplitude for strong-field tunneling and
the dipole response for HHG, as examples of integrals over
one and two dimensions, respectively. Section III introduces

Picard-Lefschetz theory and, in particular, the two procedures
for evaluating highly oscillatory integrals that we derive from
it. The first is the numerical implementation of the continu-
ous downward flow that deforms the integration contour into
Lefschetz thimbles. The second is the “necklace algorithm”,
which we have developed to identify which of the critical
points are relevant contributors in the saddle-point approxi-
mation of a two-dimensional integral.

These methods are then applied to strong-field physics in
Sec. IV, where we consider HHG from two-color driving
fields as an example. We present the harmonic response for
driving-field configurations that produce swallowtail caustics
over a two-color intensity ratio and phase-delay scan. More-
over, we use the saddle-point-based approach for the analysis
of relevant electron trajectories in a setup where we gradually
replace a monochromatic driver with its second harmonic, a
technique termed color switchover [42], to demonstrate the
versatility of our methods. Our open-source implementation
of the numerical Picard—Lefschetz methods we develop and
present here is available for use at [43], with the wrappers for
calculating the strong-field ionization amplitude [44] and the
HHG integral [45]. The specific implementation for this paper
is deposited in Ref. [46].

II. QUANTUM-ORBIT APPROACHES
IN STRONG-FIELD THEORY

The response of an atom to illumination by a laser pulse
whose peak intensity is comparable with the strength of the
binding Coulomb forces between nucleus and electrons can
be described using the so-called strong-field approximation
(SFA) framework [1,47-49]. The SFA consists of a set of
approximations, most importantly assuming only one single
active electron which is either in the ground state or in a
Volkov-type continuum state where its motion is dictated
entirely by the driving laser field and the drift momentum,
neglecting the ion’s Coulomb potential. Generally, these ap-
proximations can be extremely restrictive, but for laser peak
intensities in the order of 10'* W/cm? and atomic gas targets,
the SFA is indeed the preferred theoretical model, and in
good agreement with experimental measurements [49]. Apart
from numerical simplicity, the SFA also offers a quite intuitive
understanding of the processes happening in these parameter
ranges. Strong-field effects well described within the SFA in-
clude above-threshold ionization (ATI), nonsequential double
ionization, high-harmonic generation (HHG), etc. [50].

In this paper, we focus on the two processes of direct ATI
(via strong-field tunneling) and HHG. For both processes,
the atomic response can be written as a Feynman path inte-
gral with the semiclassical action as an exponentiated phase
function in the integrand [1,5,6]. That is, for ATI we con-
sider the ionization probability and for HHG we consider the
radiation dipole associated with the emitted photons. These
types of integrals are highly oscillatory and can be solved
using methods of stationary phase, also known as saddle-point
methods [51,52]. By identifying stationary points of the ex-
ponent, i.e., saddle points of the action, the atomic response
can be expressed in terms of Gaussian contributions from
distinct ionization events (for ATI) and quantum orbits (for
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HHG), in analogy to the least-action principle in Feynman’s
path-integral formalism.

However, in rewriting the continuous path integral to a
sum over discrete contributions there are (at least) two intri-
cacies that are often overlooked: First, the summation only
runs over a strict subset of stationary solutions of the action.
For example, all saddle-point solutions have their complex-
conjugated counterpart which are typically ignored because
the resulting contribution would be exponentially large and,
hence, unphysical [48,53-55]. And second, in situations were
saddle points are in close vicinity, their contribution is not
actually of Gaussian shape. A prominent instance of this is
the high-harmonic cutoff where the saddle-point solutions for
the “short” and “long” trajectories perform a missed approach
and their joint contributions are modeled in terms of an Airy
function [54,56-58]. Both of these issues become particularly
relevant when we start driving the processes not with simple
one-dimensional monochromatic fields with dynamical sym-
metry, but instead with more complicated fields composed of
multiple components of different polarizations, frequencies,
etc. With every additional frequency component new saddle-
point solutions arise. These potentially constitute new relevant
quantum orbits, depending on the amplitude ratio and phase
shifts between the constituent fields [59].

In the following we briefly describe the established pro-
cedures for the two considered processes of ATI and HHG
and allude to how our current understanding of saddle-point
methods is insufficient to describe state-of-the-art experimen-
tal setups.

A. Direct photoelectrons from above-threshold ionization
in the strong-field tunneling regime

Electrons that tunnel through the barrier formed by the
combination of Coulomb potential and the strong laser field’s
vector potential A(7) can be observed at a detector as direct
photoelectrons. The spectrum of drift momenta p of those
electrons is typically expressed in terms of the photoelectron
ionization amplitude, given in atomic units as

\I/(p) =/ P[p +A(t)]e—iSAT](l) d, (1)

o0

where the phase function

! 1
Sami(t) = / |:Ip + E[p + A(t/)]2:| dr’ (2)

is the semiclassical action of the electron, with the ionization
potential 7, [48]. The integration in Eq. (1) runs over the past
time, and essentially includes the full interaction time with the
laser field that drives the process. The prefactor P(k) incorpo-
rates any information about the ground state of the atom and
is assumed to depend smoothly on the canonical momentum
k = p + A(¢). Saddle points 7, of this semiclassical action are
defined by

0SATI
ot

1
=T+ 5P+ A@I =0, 3)
=ty
generally complex-valued for Z, > 0, and are interpreted as
the discrete ionization times at which the electron escapes the
Coulomb barrier [48]. The ionization amplitude (1) can then

E(t)

Im(wt)

0 ™2 ™ 3m/2 2w 0 m2 " 3m/2 2w

Re(wt) Re(wt)

FIG. 1. Top row: (a) A simple monochromatic driving field, and
(b) a two-color field composed of a w field (red dashed) and a 2w field
(blue dotted) with phase shift ¢ = 0.5 and amplitude ratio E,/E, =
0.15 according to Eq. (30). Bottom row: Contour plots of Im[Sary(#)]
(high values in yellow, low values in dark gray) for the complex ¢
plane for the two driving fields shown on top, and drift momenta
p = px = 0and 1.2 a.u., respectively. Steepest-descent and steepest-
ascent contour lines (black and gray lines, respectively) are attached
to saddle points [black markers, labeled in (d) for convenience], with
the resulting integration path drawn as a heavy black line.

be rewritten as

Yp)~ )

where the square-root term with the second derivative of the
action comes in as we expand the exponential term around
the saddle points ¢, into a Gaussian shape and analytically
integrate those, which is known as the standard saddle-point
method [51,52].

Importantly, the sum in Eq. (4) only includes a subset of
all the solutions to Eq. (3). To determine these relevant saddle
points out of all solutions to Eq. (3), we need to identify
a connected steepest-descent path that leads us in positive
Re(?) direction, consistent with the original integration do-
main from ¢t = —oo to oo in Eq. (1). For that, we allow
our integration variable to take complex values, and plot the
value of Im[Sari(#)] across this complex plane of ¢, as this
dictates the magnitude of the integral |e =5 ®)| = eMSan(®I,
Because of the Cauchy-Riemann relations for complex ana-
Iytic functions, the paths of steepest descent of Im[Sarr(¢)]
are then given by lines of constant Re[Sar(f)].! A suitable
integration path can therefore be found by plotting the contour
level lines Re[Sari(#)] = Re[Sari(t;)] for each saddle point
and then identifying a connected path.

For the simple monochromatic driving field E(z) =
Eysin(wt)e, [shown in Fig. 1(a)] with [ = Eg =
0.92 x 10'* W/cm? (Eyp = 0.05a.u.), A = 1030 nm
(w = 0.044 a.u.), this is shown in Fig. 1(c), where we have
used Z, = 15.8eV, and A(¢) = fE(t)dt. The corresponding
contour plot of Im[Sari(¢)] is shown in Fig. 1(c), with high
values (“hills”) in yellow and low values (“valleys”) in dark
gray. In this action landscape we find two saddle points in
the upper complex half-plane, at Re(wt) ~ 7 /2 and ~37w /2
around the maxima of the field. Both are part of the connected

2

is” P[P + A(ls)]efiSATl(lx)’ (4)
I3 ATI

'See Sec. I1I A for the derivation.
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steepest-descent integration path (heavy black line) and hence
relevant contributors to the summation of ionization events
in Eq. (4). This confirms the intuitive understanding of the
process that at these times the distortion of the Coulomb
potential is most significant and it is easiest for the electron to
tunnel out.

In the case of a more complicated driving field, as shown
in Fig. 1(b), the situation requires a bit more attention. Here
there are four saddle points, which, for convenience, we have
labeled A,B,C,D in the corresponding contour plot in Fig.
1(d). Drawing the respective contour level lines for each
saddle point shows that a connected path in positive Re(t)
direction can only be formed with the steepest-descent lines
passing through points A and D, but not B and C. This lets us
conclude that only A and D are contributors to the summation
(4), whereas B and C need to be neglected.

While this approach of determining the relevance of
specific saddle points seems intuitively promising, it is
surprisingly nontrivial to develop an algorithm that finds con-
nected steepest-descent contours in a robust and rigorous
fashion [60,61]. Numerical instabilities are expected as soon
as singularities enter the region of interest (viz., hills and val-
leys that are far away from the real axis) or when saddle points
are in close vicinity. Furthermore, this approach still leaves us
uninformed on how to solve the integral in the case of Stokes
transitions (when steepest-descent contours connect directly
between two saddle points) or coalescing saddles (resulting in
more than two lines steeply descending from the higher-order
saddle point).

Ultimately, even though we could technically decide over
the relevance of saddle points on a case-by-case basis by
examining the action landscapes, so far there is no robust
method to determine the steepest-descent integration path.
While the one-dimensional integration is at least heuristically
understood, for the two-dimensional time integration there
exists no meaningful strategy.

B. High-harmonic generation

The process of high-harmonic generation (HHG) from
atomic gas targets is typically understood in terms of a
three-step model: The electron escapes the atomic Coulomb
potential via tunnel ionization (step 1), then propagates in
the continuum where it is accelerated by the driving laser
field (step 2), until it finally recombines with its parent ion.
Upon recombination, a high-energy photon is emitted (step 3)
whose frequency is a harmonic multiple of the fundamental
driver’s frequency w [1,2,62,63]. The spectrum of the emitted
radiation typically covers a long range of frequencies (the
HHG plateau) followed by a sharp drop in intensity (the
high-harmonic cutoff). The theoretical description that sup-
ports this intuitive picture is the above-mentioned SFA [1].
Starting from the time-dependent Schrodinger equation and
incorporating this set of assumptions and approximations
(find detailed explanations in, e.g., [49,64]) ultimately yields
the so-called Lewenstein integral which describes the time-
dependent dipole moment created at the final photoemission
step. The measured quantity in an experiment is the spec-
tral power or, rather, the spectral intensity for harmonic

frequency qw,
I(qw) = (qw)*|D(qw)|*, (5)

which uses the Fourier transform of the Lewenstein integral
and g € R. The dipole moment D(gw) is given as the two-
dimensional integral over ionization and recombination times
t; and t,:

+00 t;
D(gw) = i / s, / dt; dpy (1, 1) + AG)]

X T[ps(tis tr) + A(tl)]

32
x 2_” e iSmaite) (6)
it, — 1)

with the semiclassical action
1 ["
Suuc (@i, &) = E/ [ps(ti, 1) + A()]* dt
4

+ (& — 6)I, — qot,. (N

The scalar factor Y'(k) denotes the transition dipole from the
ground state into the excited state, while d(k) is the recombi-
nation matrix element [49] for the kinematic momentum K.
The stationary momentum associated with a given electron
path between #; and ¢, is given by

PGt = — : / A dr ®)

r i

as a result of applying the saddle-point method to the integra-
tion over possible intermediate drift momenta p.

Similar to the aforementioned one-dimensional time in-
tegral for ATI, the exponentiated action Syyg(#4, ) makes
the integral (6) highly oscillatory. Analogously, the integral
can be understood as a sum of contributions from sev-
eral quantum orbits, each associated with a stationary point
(ti.5, tr.s) of the action Supc. The integral (6) is therefore often
approximated as

2

D ~
(qw) XA: \/_det[SﬁH(‘,(ti,sv tr,s)]
X T(ps(ti,sv tr,s) + A(ti,s))

32
« (2—7[) e ISHHG (fis frs) ©))
1(t s — tis)

The stationary points are pairs of ionization and recombina-
tion time (% s, ;) for which the first derivatives vanish,

d[ps@i,w tr,s) + A(tr,s)]

a5 N
HHG —0 and HHG
at; a1,

and are saddle points in the complex plane. Each of those
saddle points (# , ;. ;) represents a semiclassical electron tra-
jectory giving rise to the quantum-orbit formalism [4,65].
For a given harmonic order ¢ there will be multiple so-
Iutions to Eq. (10), such that the total harmonic response
typically consists of contributions from various interfering
quantum orbits. Inspecting the ionization and recombination
times for the different values of ¢, i.e., throughout the har-
monic spectrum, traces “lines” in the complex planes for #
and #;, respectively; see Figs. 2(b) and 2(c) for the solutions

=0, (10)
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FIG. 2. Typical structure of the complex saddle-point solutions
for HHG in the complex plane of ionization and recombination times.
For the monochromatic driving field shown in (a) the solutions across
a range of harmonic orders ¢ (color bar) follow lines in the complex
planes for ionization (b) and recombination (c) time, and can be
classified as short (S) and long (L) trajectories. For the electric field
shown in (d), a two-color field with ¢ = 0.75 and E,/E, = 0.44, as
per Eq. (30), the solutions still trace lines in the complex planes (e)
and (f), and form several ionization windows [labelled A,B,C,D in
(e)], but their structure is more intricate, hindering a classification.

around one ionization window of a monochromatic driving
field shown in Fig. 2(a). Those lines make it easy to classify
the various saddle-point solutions according to their travel
time Re(#, ; — ti ) into “short” (S) and “long” (L) orbits, and
associate them to the various ionization bursts within one
cycle of the driving field [54,57,66].

As in the case of ATI, not all mathematical solutions to
Eq. (10) are actually relevant quantum orbits. For example, we
typically only consider those solutions where the ionization

times have a positive imaginary part, Im(#; ;) > 0. Further-
more, for monochromatic driving fields, the short trajectories
have to be discarded after the high-harmonic cutoff of the
spectrum [57]. These heuristics, while often physically mo-
tivated, lack a consistent theoretical foundation and fail to
generalize to arbitrary or continuously changing laser fields.
They have been established without mathematical rigor and
are often based on the fact that including other solutions leads
to diverging integral values [53—55]. Moreover, the heuristics
rely on the classification of the solutions.

For a generic driving laser field the structure of saddle-
point ionization and recombination times in the complex plane
may be much more complicated, as shown in Figs. 2(e) and
2(f) for the electric driving field in Fig. 2(d). In this particular
case, we may attribute solutions to separate ionization win-
dows (here labeled A-D) but a classification scheme for the
individual solutions cannot easily be derived. Furthermore, the
classification scheme breaks down once we consider smooth
transitions of driving fields, for example, a scan through a
phase delay between the two components of a two-color
field [55]. In such cases, the saddle-point structures may
change qualitatively, including coalescences and branch cuts.
As a result, we are unable to determine relevant saddle points
and therewith the contributing quantum orbits. This under-
scores the need for a more robust and systematic approach
to applying saddle-point methods to the integral (6) for the
case of arbitrary driving fields. Without such an approach,
our ability to interpret strong-field phenomena in terms of
quantum orbits remains fundamentally limited. The following
section introduces Picard—Lefschetz theory as the rigorous
framework to address these issues, in a generic form.

III. PICARD-LEFSCHETZ THEORY

Integrals of the form

I = f el ™/ gx (11)
CUCRN

evaluated along a path Cy in real space with the real-valued
phase function ¢(x) are highly oscillatory and only condi-
tionally convergent. This makes them notoriously difficult
to evaluate numerically, especially in the semiclassical limit
h — 0 (see Fig. 3 for an example). These types of path
integrals appear across a vast range of research areas and
each research area has developed different methods to solve
them. As such, Picard—Lefschetz theory [7-9,67] was applied
in physics in the context of Chern-Simons quantum field
theory where it aids to solve the QCD sign problem [10].
After that, it was used in quantum cosmology to solve the
conformal-factor problem [37,68], developed into a numerical
technique for lensing problems in radio astronomy [40,69,70]
and combined with Hamiltonian Monte Carlo techniques in
an attempt to solve the sign problem in lattice field theory
[71-73]. Most recently, it was used to develop a rigorous def-
inition and evaluation technique of the real-time path integral
[11,41,74,75]. We here give a very brief overview of the main
ideas, illustrated by a one-dimensional example, before we lay
out further details on the mathematical background, the nu-
merical implementations, and the application to caustics and
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FIG. 3. Fundamental idea of Picard—Lefschetz theory, shown on
the toy model function ¢ (z) = z>. The integrand e is highly oscil-
latory when evaluated along the real axis (a). The continuation of
z into the complex plane (c) shows that the oscillations (along the
light blue line) vanish if we evaluate the integrand along a different
contour (dark blue line). The contour that localizes the integrand by
minimizing the oscillations follows steepest-descent paths of Im(z?)
[dark blue line in (d)] and is identified by deforming the original
integration domain according to the downward flow (red arrows)
and leads across the saddle point at z = 0 4 0i, where ¢'(z) = 0.
Often, the integrand along the new contour has Gaussian shape [as in
(b)] and can be calculated analytically.

catastrophe theory, in the subsequent sections.? Further expla-
nations can be found in Ref. [76]. The fundamental insight
of Picard-Lefschetz theory, shown on a toy model function in
Fig. 3, is to apply Cauchy’s integral theorem and deform the
integration contour C C RY into the complex space C¥ such
that along this new contour the integrand no longer oscillates,
the integral converges absolutely, and hence is easier (if not
trivial) to evaluate. Of course, the key question is: How do we
find this optimal integration contour?

Assuming that ¢(z) is a locally analytic function® of z €
CVN we continuously deform the integration domain toward
contours along which the amplitude of the integrand |e'¢| =
eReli®) decreases as rapidly as possible. The direction of the
deformation is therefore given by the downward flow

dz dip\*
—=—— (12)
di 0Z

as a function of the real-valued flow parameter A. “Flowing” a
point z € CV into the direction —(di¢p/dz)* naturally moves
it into the complex domain and toward the regions of lowest
values of i¢. Thanks to Cauchy’s integral theorem, the in-
tegral remains preserved throughout this deformation while

2You may skip those subchapters for now and return back to them
if/when necessary.

3That is, it is meromorphic, i.e., locally complex differentiable,
such that it can be approximated by a Taylor series almost every-
where in the complex space. A remark on notation: We are using z
instead of x to highlight the continuation into the complex space CV.

the properties of the integrand are improved. The resulting
integration domain is the contour

T ={z(A, 7o) |z(A =0, 20) = 29 € Cp}, (13)

where the flow is initialized along the original integration
domain Cy C RY. In the limit A — oo the contour 7 (X)
converges to a set* of steepest-descent manifolds 7, C CV,
so-called Lefschetz “thimbles”:

T = lim T(1) = ngnﬂ;. (14)

Each thimble is attached to a critical point z, of the phase
function, as these are stationary solutions to the downward
flow equation (12) [38]. The critical points are given by
¢’ (z,) = 0 and are saddle points in the complex space.

Importantly, the deformed integration contour 7 only in-
cludes a subset of all critical points. This subset is specified
by the intersection number n, € Z, which counts whether the
steepest-ascent manifold /C, attached to a critical point z,
intersects the original integration domain Cy C R". That is,
when the thimble of the critical point z, is relevant to the
integral, there exists a point on the original integration domain
such that the flow eventually reaches it in the limit A — oo.
Intuitively, because the downward flow defines a continuous,
and hence “unambiguous,” contour transformation, we can
reverse this procedure. Relevant critical points are therefore
those which have the steepest-ascent manifold connecting
back to the original integration domain.

Let us briefly show how this contour deformation works
in practice, using the example of the ionization probability
amplitude for strong-field tunnel ionization, Eq. (1), whichis a
1D integration over time (see Sec. Il A). The phase term of the
integrand is i(t)/i = —iSami(¢),” and the original integration
contour Cy is the real ¢ axis.

The continuous deformation of the integration contour
T (1) according to the downward flow (12) (where the gra-
dient on the right-hand side is now given by —alsg+(’)) is
shown in Fig. 4 for the same parameter configuration as in
Fig. 1(d). We show discrete steps i of the iteration proce-
dure, representing increasing values of the flow parameter A
from left to right. The bottom row shows contour plots of
Re(—iSatr) = Im(Sarr) with the integration contour drawn in
dark blue and the integrand exp[—iSari(¢)] evaluated along
this contour is shown in the panels above. While the integrand
is highly oscillatory along the original, real-valued integra-
tion contour [Fig. 4(a), iteration step i = 0], the very rapid
oscillations disappear as soon as the contour is deformed even
only slightly into the complex plane, i.e., after a few flow
steps [Fig. 4(b), i = 10]. The flow ultimately converges [Fig.
4(d), i = 70] to yield the steepest-descent contours attached
to saddle points (black lines attached to the black markers),
confirming the integration route shown in Fig. 1(d).

“We acknowledge that strictly speaking Eq. (14) should be a union
rather than a sum. However, for consistency with the literature and
the summation over integral contributions in Eq. (15) we use a sum
here as well.

SNote the sign change for the exponentiated functions!
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FIG. 4. Flowing the integration contour according to the downward flow, Eq. (12), for the same scenario as in Fig. 1(d) for discretized flow
steps i (increasing left to right) to minimize the oscillations of the integrand. Bottom row: Action landscapes as in Fig. 1, with the integration
contour highlighted in dark blue. Top row: The integrand of Eq. (1) evaluated along the respective contours.

Vice versa, the relevant saddle points are those which have
a steepest-ascent contour connecting to the real axis and hence
ns, = 1. As Im(—iSxry) is constant along the steepest-ascent
contours, in this one-dimensional case these are simply the
level lines at Im[—iSari(#)]. For the two saddle points with
Im(wt;) =~ 1.25 [A and D from Fig. 1(d)] we find the level
lines connect almost straight down to the real axis, whereas
the steepest-ascent contours of the other two saddles (B and
C, both around 2.5 + 2.51) ultimately lead up into direction
of higher imaginary parts, i.e., toward the hills of the contour
plot, rendering n, = 0.

Upon the deformation of the contour according to the
downward flow, the integral (11) can ultimately be expressed
as a sum over contributions from the separate thimbles:®

I= / e @/ dg = an / @/ dz  (15)
CcCN s - CCN

The value of the integral is thereby preserved at any in-
termediate stage X of the downward flow. Notably, the
expressions (11) and (15) are thus strict equalities, and inde-
pendent of the dimension N, since all we have done so far is
a contour deformation. However, for a nondegenerate critical
point z, and in the asymptotic limit i — 0O the integral along
its attached thimble can be approximated by a Gaussian [as in
Fig. 3(c)]. This well-known approximation is the saddle-point
method, as explained in, e.g., [51]:

/ e9@/N Gz ~ 2R sty (16)
T,cC¥ det(¢"(z-))

®In this paper, we focus on the constructive interference of the
integrand at the stationary points of exponent ¢. However, in general,
the sum of thimbles includes both steepest-descent manifolds associ-
ated with the stationary points of the exponent and the stationary
points of the exponent restricted to the boundary of the original
integration domain, i.e., ¢|¢c,. These boundary thimbles are always
relevant. However, the integral along the first set of thimbles typically
dominates over the boundary thimbles. For a systematic investigation
of the boundary points in Picard—Lefschetz theory, we refer to [77].

leading to the saddle-point approximation of the integral 7,

27 h .
I ~ - l¢(za)/ﬁ' 17
;” detl¢" (z,)] (4

The saddle-point approximation inherits the relevance of the
saddle point z,, through the intersection 7, .

On the example of the ionization amplitude, for the con-
verged contour [Fig. 4(d)] we find the the contribution of
each saddle point can be assumed Gaussian, such that the
total value of the integral can be approximated by a sum of
Gaussians around the two relevant ¢, as shown in Eq. (4).
Alternatively, we could terminate the flow procedure at any
intermediate flow step i and integrate along the obtained con-
tour in order to obtain the full integral.

With the reliable methods of evaluating an integral of type
(11) by using either the downward flow of the integration
contour or, alternatively, determining relevant saddle points
via the intersection number, we can study the integral upon
changes of external parameters of the phase function ¢. In the
case of strong-field physics, where the phase function is the
semiclassical action of the electron in the continuum, those
external parameters might be specifics of the driving laser
field, for example, a phase shift in a two-color field config-
uration, or, in the case of HHG, the energy of the observed
photon, i.e., the harmonic order.

Under a continuous variation of such external parameters,
the saddle points Zo move smoothly in the complex z space,
but may abruptly change their respective intersection num-
ber n, at Stokes transitions. Moreover, saddle points might
coalesce into higher-order critical points, at which the conven-
tional saddle-point approximation (16) breaks down because
the second derivative ¢” in the denominator vanishes. To
resolve the resulting caustics in the total integral we can use
the downward flow, as it is in itself agnostic of the critical
points. Evaluated across a range of external parameters it gives
an exact representation of the integral regardless of possible
“complications” in the saddle-point landscape.

In the following sections we will describe aspects of
Picard-Lefschetz theory that are relevant to its application in
attosecond physics. After giving a more detailed description
of the inner working of the deformation of the integration
contour in Sec. IIT A, we will present two possible approaches
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(a)
Im(z)

FIG. 5. For (a) one- and (b) two-dimensional path integrals the
downward flow (directions indicated by red arrows) transform the
original, real-valued integration domain (light blue) into the complex
domain, ultimately toward the steepest-descent contours (“thimbles”,
gray) attached to the critical points (cross markers).

(and their numerical methods) to simplify the conditionally
convergent highly oscillatory integral in Eq. (11): (a) The
downward flow. Transforming the integration contour ac-
cording to Eq. (12) and evaluating the integral along this
new contour by numerical quadrature. (b) The necklace al-
gorithm. Determining relevant critical points of ¢(z) by
checking if there exists a steepest-ascent connection to the
original integration domain and then evaluating their integral
on the thimble, or by their Gaussian approximation. Equipped
with those robust techniques to evaluate whole families of
integrals, in Sec. IIIC we will address the appearance of
caustics in the space of external parameters.

A. On the deformation of the integration contour

Given that the exponent of the integrand in Eq. (11) is
meromorphic it can be written as

i¢p(z)/h = h(z) + iH (z), (18)

where & controls the amplitude of the integrand as |e'¢| = e,
while H controls the oscillations.” That is, to localize the
integrand we are seeking a contour along which the value of &
decreases most rapidly and H is constant. As we analytically
continue i¢(z) into the complex plane, it fulfills the Cauchy-
Riemann equations

oh  9H oh  OH
dRe(z)  9Im(z) dlm(z)  ORe(z)’

19)

Hence, contours of constant phase H are those along which e’
vanishes (or increases) most rapidly, making them contours
of steepest descent (ascent). We can therefore find an optimal
integration contour by deforming the integration path into the
direction of decreasing #, using the downward flow, Eq. (12),
shown above® and sketched in Fig. 5. Along the flow the value
of H remains constant as

o _ gt _tis(_digy

i |
0z

= — = - (20)
oA 0z oA 0z 0z

%)

which means that indeed Im(,i—f) = % =0, while h de-
g—f\’ < 0. Flowing the entire

®

creases most rapidly: Re(ig—f)

7We use the notation 7 = Re(¢) and H = Im(¢) which is standard
in the context of Picard-Lefschetz theory.

8 Alternative names in other research areas are gradient, Morse, or
holomorphic flow.

(a) (b)

>>W o

—Im(Syp(wt)
(=]

-500

/N 1000

I, Wy g)\e\““\

FIG. 6. For an analytical function zeros of the first derivative
constitute saddle points in the complex plane, visible in the contour
for —Im[Sar(wt)] shown in (b). Around the saddle point wt;, level
lines of Im[Sar(w?)] = Im[Sam(wt,)] (black) are locally orthogonal,
as shown in (a), and define directions of steepest descent (blue) and
steepest ascent (green) of Re[Sar(wt)].

original integration domain Cy into the complex plane con-
verges the contour to a set of several disconnected Lefschetz
thimbles [Eq. (14)]. Each thimble is a N-dimensional mani-
fold embedded in C¥ (i.e., 2N real dimensions) and attached
to a critical point z,, as mentioned above and visualized in
Fig. 5 for N =1 and 2 respectively. As H(z,) is constant
along each of the thimbles 7, C C™V, in the expression for
the total integral (15) it acts as a weighing factor for each
contribution. The integration only needs to be carried out
across e"®:

I = an eiH(z“)/ e"® dz. 21
= T
In analogy to the downward flow, the upward flow is
given by
dz; digp \*
st LA — 22
dA +(3Zx,i @

and shows the direction of steepest ascent of h, while pre-
serving H. The steepest-ascent manifold of a saddle point z,
is known as the dual® thimble KC, € CV. The manifolds 7,
and X, intersect (and are locally orthogonal to each other)
only in exactly one point: the critical point z,, as it is a
stationary solution to both upward and downward flow. This
is visualized in Fig. 6(a) where steepest-descent (blue) and
steepest-ascent (green) contours are locally orthogonal lines,
intersecting at the saddle point. In the traditional treatment
of saddle-point methods, the dual thimbles are often ignored.
However, following Picard—Lefschetz theory, the dual thimble
Ko actually governs the relevance [meaning the contribution
to the integral (15)] of the thimble 7, through its intersections
with the original integration domain Cy € R". Those intersec-
tions are counted by the intersection number

ne = (Ko, Co)y 1o € Z, (23)

where the intersection operator (-, -) is rigorously defined in
relative homology. If the dual thimble /C, attached to a critical

9 Also referred to as the anti- or the unstable thimble [39,78].
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FIG. 7. Sketch of the implementation schemes of the downward
flow procedure. (a) For a one-dimensional integration, the contour is
discretized as a set of connected points that are iteratively (iteration
step i) flowed in the direction given by the downward flow (red
lines), possibly subdivided (newly inserted point on the right-hand
side) and discarded (empty circle on the left-hand side). (b) The
two-dimensional scheme follows the same procedure, but points are
connected to triangles to form a surface. For the subdivision each
triangle is considered in its projected plane, vertices are subdivided
and the set of old and newly inserted points are connected to triangles
by Delaunay triangulation.

point z, intersects the original integration domain (n, # 0),
its thimble 7, is part of the converged integration contour 7.
If they do not intersect (n, = 0), the respective thimble has to
be neglected.

B. Numerical methods for one- and two-dimensional integrals

The fact that the integration of a highly oscillatory, condi-
tionally convergent integral can be localized into contributions
from a discrete set of thimbles allows for a variety of com-
putational approaches, e.g., finding the thimbles by means
of Monte Carlo sampling when N is large [73,78,79]. In the
following we describe the two methods that are well suited for
the one- and two-dimensional integrals that describe strong-
field ionization and HHG, respectively. First, the downward
flow, which yields a discretized contour along which the in-
tegration can be carried out more efficiently. And secondy,
the necklace algorithm, which we developed to determine the
intersection number n, of a given saddle point, irrespective of
any “classification” of saddle points (as one would usually do
in attosecond science).

1. The downward flow method

The goal of the downward flow method is to deform the
integration contour according to the downward flow (12). The
numerical algorithm and its description are based on J.F’s
open-source implementation in C4-4-, available at [80].

We will explain the algorithm for the case of a one-
dimensional integral first, which is shown in Fig. 7(a). The
initial step is the discretization of the (original) integration
domain. We discretize the real axis as a list of points, which

are connected to line segments. Then, we iteratively apply
the downward flow to each of the points, moving it into the
complex plane using a first-order Euler method

ah\*
2> 72— Sow| — 24)
0z

with the small parameter &g,y . Note that it is sufficient to con-
sider the gradient of & (rather than i¢) as H remains constant
along the flow anyway [see Eq. (20)]. We use an adaptive
grid in the sense that as soon as two neighboring points are
further than a threshold distance [y apart, we insert a new
point in the middle [see on the right-hand side in Fig. 7(a)].
Furthermore, points are turned “inactive” (such that they are
not moved any more) as soon as their 4 value drops below
a certain threshold, say Agpyesh, indicated as gray regions and
empty points in Fig. 7(a). This will eventually break up the in-
tegration contour into disconnected parts, as, e.g., in Fig. 4(d).
The deformation of the integration contour converges to the
Lefschetz thimble as % vanishes on the thimble. To avoid
“overshooting” this zero-gradient contour of steepest descent,
we normalize the gradient as soon as its magnitude drops
below a certain threshold. The algorithm is terminated after a
fixed number of flow steps. This is necessary as the downward
flow (24) itself continues to move points into the direction of
steepest descent, viz., into the valleys. In other words, the flow
of points never stops, but we find the resulting shape of the
contour converges to resemble the steepest-descent contours.
Conceptually, we may say the flow has converged when the
number of active points remains constant (as points are replen-
ished as shown in Fig. 7) and the shape of the contour does not
change for subsequent iteration steps. In practice, however, a
set maximum number of iteration steps proves more suitable.
In the case of a two-dimensional integral the algorithm
technically follows the same procedure. However, each point
now has two coordinates (each of them being a complex num-
ber!) and the integration “contour” is a surface, embedded in
four real dimensions. That is, rather than using line segments
we have discretized our integration domain into triangles now.
For the subdivision we use the routine sketched in Fig. 7(b):
each triangle is considered in its plane. For edges exceeding
Lihresh, We Insert Lﬁj new points and then mesh the original
triangle using a Delaunay triangulation'® of all points.
Ultimately, for the evaluation of the integral we use a
numerical quadrature of the obtained meshed surface [81].

2. The necklace algorithm

Whether a given thimble 7, contributes to Eq. (15) or
not is dictated by the intersection number n, which counts
the intersections between the dual thimble /C, (the steepest-
ascent manifold attached to a critical point) and the original
integration domain Cy. As the value of H is constant along
the steepest-ascent manifold, for a one-dimensional integral
(N =1) finding the thimble and dual thimble attached to

19Coincidentally, the eponymous Boris Nikolayevich Delaunay is
the father of Nikolai Borisovich Delone that gave the “D” in the
Ammosov-Delone-Krainov (ADK) ionization rates in strong-field
physics.
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the critical point z, € C corresponds to finding the respec-
tive contour level lines where H(z) = H(z, ), drawn as heavy
black lines in Fig. 6, with arrows indicating the direction
of descending k. This can easily be done numerically with,
e.g., a marching squares algorithm. At the saddle point, these
directions of maximized gradient are given by the (orthog-
onal) eigenvectors of the Hessian, one pointing in direction
of steepest ascent (green), and one pointing in direction of
steepest descent (blue). To find the dual thimble we therefore
simply pick the contour level lines along which /4 increases
away from the saddle point in the steepest-ascent direction.
Locally, these lines coincide with the one of the eigenvectors
and its inverse (dotted green vectors) of the Hessian. That is, if
h is ascending along a level line away from z, and eventually
connects to the real axis (the original integral domain), then
n, = 1 and the critical point contributes to the integral. For
example, in Fig. 6(a) for the saddle points with a positive
imaginary part the steepest-ascent lines emanate in vertical
direction from the saddle points and eventually intersect the
real axis. For the saddle points with a negative imaginary
part they emanate horizontally and do not reach the real axis.
This can also be concluded immediately from the fact that
for saddle points with Im(z,) < O we have h(z,) > 0, such
that there is no way “uphill” from z, to the real axis where
h = Re{ip[Re(z)]} = 0.

For the case of a two-dimensional integral, finding the
dual thimbles is more complicated, as they are now two-
dimensional manifolds (i.e., surfaces) embedded in the 4D
space [Re(z;), Im(z;), Re(zz), Im(z,)]. That means, tracing
the contour levels H(z) = H(z, ) for a critical point z, yields
contour level surfaces embedded in four dimensions (4D),
which is computationally more advanced.

Here we present a technique, which we call the “necklace
algorithm”, to determine the intersection number of a given
saddle point for a two-dimensional integral, a problem which
has so far remained open,ll and for which tentative general
solutions were only proposed very recently [84]. The basic
idea, shown in Fig. 8, is to initialize the “tip” of the dual
thimble in the closest vicinity of the saddle point, and then
use the upward flow for its further construction “slice by
slice.” We terminate the upward flow as soon as each point
reaches & = 0, and then check for the intersection with the
original integration domain. As we are only interested in this
(potential) intersection, it is sufficient to consider the “brim”
of the thimble, which, as it is a discretized closed loop, we
dub the necklace. This approach is guaranteed to identify all
possible intersections of the steepest-ascent manifold with the
original integration domain.

Let us briefly explain the procedure on the one-dimensional
example. In the vicinity of the saddle point the direction
of steepest descent and ascent can be found by linearizing
the flow. That is, we calculate the second derivatives with
respect to both real and imaginary parts of the integration
variable z and identify the 2 x 2 real-valued Hessian matrix,
the eigenvectors of which point in the direction of maxi-
mized gradient. The eigenvector corresponding to the negative

"' A similar approach has been used in [82,83] to approximate the
(steepest-descent) thimbles.

(c) (d)
Im(wt,)

thimble

—Tm(wt)
\ n=1

FIG. 8. The necklace algorithm: Thimble and dual thimble are
surfaces embedded in 4D [illustrative 3D projection in (b)], locally
spanned by the eigenvectors &, of the Hessian at the saddle point (a).
The brim of the dual thimble, the necklace, is initialized as a circle
using the steepest-ascent eigenvectors (green), and then flowed up-
ward. (c), (d) Projections of example necklaces in [Im(wt;), Im(wt,)],
where an intersection with (0,0) implies an intersection with the real
plane.

N
n=0

eigenvalue points in direction of decreasing & away from the
saddle point [drawn as a blue vector in Fig. 6(a)], whereas the
eigenvector corresponding to the positive eigenvalue increases
h away from the saddle point (drawn in green). To obtain the
full steepest-ascent manifold (a line), we flow the end point
of the steepest-ascent eigenvector and its inverse (drawn as
a dashed vector in the opposite direction) until it eventually
reaches 1 = 0.2 If either of the end points of the line hits the
real axis, the intersection number 7, counts +1.

Now, for the two-dimensional integral we follow the same
procedure. We assume that the upward flow (22) in a small
region around the critical point z, is linear in 4 with respect
to each of the four real-valued dimensions. That is, we use
z = [Re(zy), Im(z;), Re(z2), Im(z,)] and write

(28" — 20.8")

dzg ( 9%h \
drn \09z40zp ) |,y

=MHup(2p" — 20.8"), (25)

where o, 8 =1...4, such that H is the real-valued, sym-
metric 4 x 4 Hessian of 4. The solutions to the respective
eigensystem

HY =&V (26)

yield four eigenvalues, coming in pairs, where & = —&; and
&4, = —&;. Analogously, for the corresponding eigenvectors
we find ¥, = —iv] and V4, = —iv3. Their linear combination
solves Eq. (25) and, hence, defines the directions of constant
H around the saddle point z,. The two vectors ¥V with the
smaller eigenvalues point toward the steepest descent of £, and
the two vectors with larger eigenvalues point in the direction
of steepest ascent of &, and they are drawn as blue and green
vectors in Fig. 8(a), respectively. By rewriting the eigenvec-
tors into complex form as vy = (Dy,1 + 1042, Va3 + 100.4),
and assuming &; and &; to be the two positive eigenvalues,

2For the one-dimensional integral, of course, this is not usually
necessary as we simply pick the respective contour level line.
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we can therefore define the directions of steepest ascent,
Z(A) — 2, = ayviet + a3V3es3’\ 27

with arbitrary coefficients a; and a;. We initialize the dual
thimble’s brim by constructing a vanishing cycle (viz., a
“loop” of constant H) around the saddle point. For that we
use the two steepest-ascent vectors and draw the circle

2(y, . =0) =1z, + €(cos y vi + sin y v3) (28)

for y € [0, 27r) and a small value €, as shown in Fig. 8(a).

Once the necklace has been initialized, we discretize it
and apply the upward flow (22) to each resulting bead of
this necklace, making use of the procedure described for the
downward flow in one dimension, and sketched in Fig. 7(a).
With that we construct the dual thimble slice by slice (or
rather, ring by ring) until all beads reach & = 0.

Finally, it remains indeed to check whether the found brim
of the dual thimble intersects the original integration domain
Cy. For that we look at the Im(z) projection of the necklace
and check if the line crosses the origin Im(z) = (0, 0). This
is shown schematically in Figs. 8(c) and 8(d), where in Fig.
8(c) we find the necklace intersects the real axis once, making
n, = 1, whereas in Fig. 8(d) there is no intersection.

For any given individual saddle point, the necklace algo-
rithm allows us to determine whether its thimble is a relevant
contributor to the integral (15). As the necklace algorithm
essentially traces contours of constant H value, limitations
naturally arise in cases where two neighboring critical points
have similar H values. The upward flow then might ac-
cidentally “slip” into (parts of) the dual thimble brim of
the other critical point [76]. A decision about the relevance
of the individual critical points can then be made by identify-
ing the exact parameters for the Stokes transitions, as will be
laid out in the next section.

Once we determined which saddle points constitute rel-
evant thimbles, finding their contribution to the integral is
straightforward. Either we apply the standard saddle-point
method and approximate the integral across the thimble to
be of Gaussian shape as shown in Eq. (16). Or, if we want
an exact representation of the integral, we find the thimble
attached to each critical point. For that, we initialize a small
vanishing cycle around the critical point in the directions
of steepest descent [by using the eigenvectors with smaller
eigenvalues from Eq. (26)] and then construct the thimble by
applying the downward flow to it slice by slice, analogously
to flowing the necklace to obtain the dual thimble. The value
of the integral can finally be found by evaluating the integrand
along the thimble using a standard quadrature routine.

C. Evaluating integrals across ranges of external parameters:
Stokes transitions, caustics, and catastrophes

Equipped with tools to solve integrals like Eq. (11) with
arbitrary phase functions ¢, we can study how they depend
on external parameters. Upon a continuous scan over such
external parameters, the saddle points z, vary smoothly in the
complex z space. Their intersection number 7, , however, may
change abruptly at so-called Stokes transitions, causing the
total number of contributing saddle points (or rather, thimbles)

(@) q < gs (b) q=qs

m2
0
-m/2
5m/2  3m  7m/2 5m/2 3w  7m/2 5m/2  3m  7m/2
Re(wt) Re(wt) Re(wt)

(©) 9 > gy

Im(wt)

FIG. 9. Topological change of steepest-descent contours (black)
and the resulting integration contour (heavy dark blue line) around
a Stokes transition (at ¢ = ¢gs,) between two saddle points upon
changing an external parameter ¢ (left to right panel).

to change [54,56,57,85,86]. For this to happen there must be a
topological change in the course of the steepest-descent inte-
gration contour. This is often caused by two (or more) critical
points in close proximity, as shown in Fig. 9 for an integra-
tion contour depending on the external parameter g. In the
left-hand panel where g < gs; the two critical points are both
part of the converged deformed integration contour 7~ (heavy
blue line) and contribute separately to the integral via their
thimbles 7,; and 7,;. In the center panel, at g = gs,, their
steepest-descent contours coincide and the deformed contour
contains both critical points. This value of the external param-
eter marks the Stokes transition. For a further increase of the
external parameter where g > gs;, the steepest-descent con-
tours separate and 7 only contains one of the saddle points.

A necessary condition for the Stokes transition between
two critical points z,; and z,, is that H(z,;) = H(z,2), such
that their steepest-descent contours may connect directly to
each other. In simple examples, e.g., when ¢(z) is a poly-
nomial with two external parameters, Stokes transitions can
be analytically solved for and yield lines in parameter space
[40,87,88]. For more complicated ¢(z), where there is no
closed-form expression for z,, candidate Stokes transition can
be found numerically by identifying where in parameter space
pairs of critical points assume the same value of H. Generally,
for a phase function with K external “control” parameters the
Stokes transitions are (K — 1)-dimensional manifolds in the
K-dimensional parameter space. They are topological features
of this parameter space, as any change of number of relevant
saddle points is indubitably linked to a Stokes transition. Vice
versa, Stokes transitions define regions in parameter space
with a certain number of contributors to the integral. Conse-
quently, if they can be calculated a priori it is unnecessary to
calculate each critical point’s relevance individually.

More generally, as we evaluate the total integral across
ranges of external parameters we find Stokes transitions and
caustics. The latter are the pronounced features that arise
whenever multiple saddle points are in close proximity and
ultimately coalesce. Caustics can be observed in everyday life,
e.g., the rippled bright features at the bottom of a swimming
pool or the cusplike structure in a coffee cup, as well as in
more involved physical problems like real-time path integrals,
lensing (both optical and gravitational) [37,69], the formation
of large-scale structures of our universe [89], and, of course,
attosecond science [12—14,17]. From a mathematical point
of view, caustics are best analyzed in terms of catastrophe
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theory. Assuming the phase function ¢(z) is a (K + 2)-order
polynomial with K external control parameters, catastrophe
theory dictates that there can be at most K + 1 saddle points
coalescing to one higher-order critical point: the catastrophe
point. Evaluating the integral over a range of external param-
eters that involves such a coalescence of saddle points will
yield characteristic patterns, depending on the codimension K,
known as canonical diffraction patterns [90-92 (Sec. 36.3)].
Correspondingly, the contribution of a critical point in the
vicinity of a coalescence cannot be taken as Gaussian, but has
to be modeled using a uniform approximation that involves
the canonical diffraction integrals, which is a challenging
task [93-96]. For example, the diffraction pattern for the fold
catastrophe (K = 1), for which two saddle points coalesce, is
the Airy function. Hence, the Airy function is used to model
the HHG spectrum (which can be interpreted as a scan over
the control parameter harmonic order) around the cutoff at
which the saddle-point solutions for short and long trajectories
(almost) coalesce [56,57].

The downward flow procedure elegantly circumvents these
problems as it is agnostic to the critical points. With that,
it offers the unique capability to evaluate the integral (11)
exactly across parameter ranges and to naturally resolve the
appearing caustic structures.

Having laid out the ideas and resulting numerical methods
of Picard-Lefschetz theory, we now turn back to attosecond
science and strong-field physics. In the following chapter
we apply the methods introduced above to the SFA integral
for HHG, namely, Eq. (6), and show how it allows for a
quantum-orbit-based evaluation of scenarios with arbitrary
driving waveforms.

IV. HHG DRIVEN BY TWO-COLOR LASER FIELDS

The harmonic response of an atom subjected to a strong
laser field can (within the SFA framework [1,18]) be cal-
culated in terms of the two-dimensional integral (6) over
ionization and recombination times of the involved electronic
wave packet, #; and t;, respectively. This double integral is
often rewritten in terms of contributions of separate quantum
orbits [6,65], which are the semiclassical electron paths de-
fined by a discrete ionization and recombination time. This
allows for an intuitive understanding of the process as the
associated trajectories have different properties in the spatial
divergences in the far-field [26,97]. The quantum orbits are
pairs (t, t;) for which the semiclassical action Sypg (4, %) is
stationary, i.e., saddle points in the complex plane defined by
Eq. (10). Notably, there are typically far more solutions to
Eq. (10) than relevant quantum orbits to the process. So far,
the existing heuristics to decide whether a given saddle-point
solution is a relevant quantum orbit rely on a classification of
the solutions and dynamic symmetries of the driving field.

For generic driving fields, however, those heuristics fail.
In the following we demonstrate how the methods of Picard—
Lefschetz theory described in Sec. III B can be utilized to
compute the harmonic dipole integral (6). The central insight
is that the integral can be evaluated along a different contour C
in the complex time planes and ultimately expressed as a sum

over contributions from separate thimbles 7:

D(qw):/...dt:/ ... dt
Co CeC?

dtd[p;(s, ) + At)]

X T[ps(lis tr) + A(tl)]

5 32
5 (—7-[)> oSttt (29)

ity — t;

Here, we notate t = (%, #;) and the original integration domain
is Co = {(;, t,) € R? | . > 1;}. Each thimble 7 is attached to
a critical point (f s, t; ;) defined by Eq. (10), and only con-
tributes for nonvanishing intersection numbers n,. The key
difference to and striking advantage over Eq. (9) is that here
we still have an equality, as we have not made any assumption
on the shape of the integrand around the critical points.

Note that the presented integration methods “only” address
the two-dimensional temporal integration and therefore hold
for any definition of prefactors, waveforms, etc. With that, the
exponentiated phase factor is —iSypg, which we consider in
its dependency on ionization and recombination times only,
SuuGg = Suug (&, #;) as in Eq. ).

As an example, within this paper we choose to consider
HHG driven by a collinear and copolarized two-color field
that consists of a fundamental laser field with frequency w,
superimposed with its second harmonic. A generic expression
for the electric field then reads as

E(t) = E| cos(wt)e; + E; cosQat + ¢)e, (30)

with the field amplitudes E; and E, and the phase delay ¢
between the two field components. For pulses longer than a
few cycles, it is a good approximation to restrict our con-
siderations to one cycle of the fundamental frequency, the
period T = 27 /w. These types of driving fields are ubiqui-
tous in attosecond science, in both experiment and theory.
They allow to probe the inner workings of the process of
strong-field light-matter interaction itself, as well as to tailor
the properties of the harmonic spectrum and/or the created
attosecond pulse [14,22,23,25,27,31,98]. The application of
the described methods to two- or three-dimensional driving
fields, as well as considering an entire pulse duration, is
straightforward [76,99].

The following results are obtained using Z, = 15.8eV
(argon) and Iy = EZ = 0.92 x 10" W/cm? (Ey = 0.05a.u.),
A =1030nm (w = 0.044 a.u.), and we use atomic units (a.u.)
unless stated otherwise.

A. Applying Picard-Lefschetz methods

1. Using the downward flow to deform the integration contour
towards Lefschetz thimbles

In the previous section we showed that there exists a con-
tinuous deformation of the original integration domain into
a contour that minimises the integrand oscillations, which
then allows for a more efficient numerical evaluation of the
integrand along that new contour. We demonstrate how this
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FIG. 10. Two projections of the HHG thimble for a monochro-
matic driving field and g = 25: Top: ionization-time projection
[Re(#;), Im(#;), Re(r,)] and Bottom: recombination-time projection
[Re(#,), Im(#,), Re(#)]. Saddle points are marked as black dots.

downward flow method is applied to the integration contour
of the HHG integral Eq. (6).

We restrict ionization to one cycle, so 0 < Re(;) < T, and
recombination to happen after that, with travel times limited
to one cycle as contributions from orbits with longer travel
times are lower. This original integration domain is then de-
formed into the complex domain for both ¢# and ¢, i.e., into
the 4D space [Re(#;), Im(#;), Re(#), Im(z;)]. As described in
Sec. III B, the deformation of the domain follows a simple
first-order scheme for either variable,

dr,

—, 31
m 3D
with a small factor 8gow. The direction for every flow step A
is dictated by the downward flow Eq. (12), recast for the case
of HHG: "3

ds; 3Sunc \* dr, ENTCAY
h R d —=-— . 32
dx < oty ) a da ( ot, ) (32)

This routine continuously deforms the (discretized) original
integration domain into a two-dimensional steepest-descent
surface embedded in 4D space and converges to the Lefschetz
thimbles.

The resulting thimbles for the simple case of a monochro-
matic driver E(¢) = Eycos(wt) [shown in Fig. 1(a)] and
harmonic order ¢ = 25 are shown in Fig. 10 in two projec-
tions, as well as the saddle-point solutions (black markers). In
the “ionization-time projection” [Re(#), Im(#), Re(;)] (top),
we observe the deformation into four disconnected sur-
faces corresponding to the ionization windows around each
maximum of the electric field. In the “recombination-time
projection” [Re(z,), Im(¢,), Re(#;)] (bottom), we identify four
separate surfaces, corresponding to the expected two pairs
of “short” and “long” quantum orbits within each half-cycle.

dy;
ti > 1+ Sfow d—)i and t — f + Sgow

13We have dropped the A indices for better readability.

Each surface is the steepest-descent manifold (thimble) of a
relevant saddle point. Saddle points that are not included in
the surface are irrelevant.

For comparison, and in order to aid the understanding of
the flow method, we show a range of intermediate steps of the
continuous deformation for a more complicated situation in
Fig. 11. The driving field is the two-color field as in Fig. 1(b),
and we show how the downward flow deforms the integration
domain toward the Lefschetz thimbles (increasing iteration
steps from left to right) for harmonic order 25, using the same
projections as above. From the ionization-time projection (top
row) we can make out separate ionization windows, albeit not
as distinct as in the monochromatic case.

Finally, the harmonic dipole (6) can be calculated with a
simple quadrature along these discretized Lefschetz thimbles.
This can be done at any intermediate step of the deformation
as the integral remains unchanged for just a change of contour
[see Eq. (15)]. Note that this deformation of the integration
domain is not an efficient method for the detection of all
relevant saddle points.

2. Using the necklace algorithm to determine relevant
quantum orbits

Saddle points of the action correspond to the quantum or-
bits that interfere when creating the harmonic dipole response.
The properties of those several electron trajectories, e.g., the
spread of the wave packet and the recollision angle, imprint
on the dipole and therewith on the properties of the emitted
radiation [27,28,100-103]. Moreover, the contributions of the
various quantum paths behave differently upon propagation
and give rise to distinct patterns in the far-field spectra mea-
surement [33,104—106]. Phenomenologically, it is therefore
interesting to understand which quantum orbits are at play
for the creation of a certain dipole, i.e., to understand which
saddle points are relevant contributors to the sum (29). A
given saddle point is a relevant contributor if and only if its
attached steepest-ascent contour (the dual thimble) connects
back to the original integration domain. We find this possi-
ble intersection by propagating the brim of the dual thimble
upward until 2 = 0 and then checking for an intersection of
this brim with the real plane; this is the “necklace algorithm”
introduced in Sec. III B 2. The necklace around the saddle
point is initialized as a small circle in the plane of the two
eigenvectors corresponding to the largest eigenvalues of the
matrix

2

“p = 31, 0tp

Suug (1 + i, t3 + t41), (33)

where «,f =1,...,4, and where we have taken t =
[Re(;), Im(t;), Re(t;), Im(z,)]. Each bead of the (discretized)
necklace then flows upward in A, following

ds; 3Sung \* dr, ENTCAY
—_— = _— e _— 4
i +( o, > and 55 +< o, ) (34)

until # = 0 and Syyg becomes real. If the converged necklace
intersects the original integration domain, the given saddle
point is relevant. If not, then it is not relevant.
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FIG. 11. Several steps of the deformation of the integration domain toward the Lefschetz thimble, shown in ionization-time projection (top
row) and recombination-time projection (bottom row), for HHG driven by the two-color field shown in Fig. 1(b) and harmonic order g = 25.

3. Comparison of the two methods: Harmonic spectra

The resulting values of the integrals, in the form of
spectral intensities (5) for a range of harmonic orders g,
are shown in Fig. 12 for the monochromatic driving field
(top panel) and the two-color field (bottom panel) as in
Figs. 2(a) and 2(b), respectively. We show the Gaussian
contribution from each saddle point in color (for relevant
saddle points; light gray for noncontributing saddles). The
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FIG. 12. HHG spectrum for the two fields shown in Fig. 1 [(a) for
the monochromatic field in Fig. 1(a), (b) for the two-color field in
Fig. 1(d)], calculated as a sum of Gaussian contributions from rele-
vant saddle points (SPM, black line) as identified using the necklace
algorithm, and as a quadrature of the deformed integration domain
(PLDF, blue line). Individual saddle points’ contributions are shown
colored for relevant saddles, and gray for nonrelevant saddles. The
bottom panel features an inset for the artificial discontinuity that
arises for the SPM when saddle points are in close vicinity.

coherent summation of relevant saddles’ contribution is
shown in black [saddle-point method, SPM, Eq. (9)], which
is compared to the quadrature along the deformed integration
contour [Picard—Lefschetz downward flow, PLDF, Eq. (29)]
in blue. For the monochromatic driving field we recognize
the familiar structure of a typical HHG spectrum exhibiting
quantum-path interference. Throughout the spectrum there
are two types of relevant contributions: from short and long
trajectories (red and pink, respectively), of which the for-
mer become nonrelevant at the high-harmonic cutoff at g. =
42. Note, small deviations between the two integration ap-
proaches only occur around this Stokes transition where the
two saddle points are in close vicinity and their contribution
should not be modeled as Gaussian, but rather as an Airy-type
integral [54,56,57].

For the complicated two-color field [in Fig. 12(b)], the
harmonic spectrum exhibits a more interesting structure, as
we find more than only two types of trajectories. Throughout
the first plateau (harmonic orders 15 to 32) we observe the
expected interference structure from the two dominant trajec-
tories marked in red and pink. However, we identify a more
interesting feature of the spectrum that we can now attribute
to individual trajectories, and which is shown enlarged in the
inset. Around the first harmonic cutoff there are two other
trajectories (yellow and orange) which contribute significantly
to the integral and yield an overall spectral enhancement. This
enhancement stems from the “cluster” of saddle points shown
in Fig. 2(e) (panel D) and signifies the appearance of a caustic,
which we address in more detail in the following section. In
that region of the spectrum, the SPM exhibits both an artificial
discontinuity and also the largest deviation from the PLDF-
based signal. Again, this is expected, as for saddle points in
close vicinity the integrand along the steepest-descent con-
tour does not resemble a Gaussian. In these cases we can
numerically integrate the individual saddles’ steepest-descent
thimbles, which provides an exact solution even in the case
of fully coalescing saddle points at the caustic. A proper an-
alytical treatment within saddle-point-based methods would
require to develop a suitable uniform approximation to
smoothen out the discontinuities. Within the PLDF method
the integrand is directly evaluated along the thimble and
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agnostic of any saddle (or higher-order critical) points. That
is, for example, in the event of a saddle-point coalescence, the
respective thimbles will merge as well. As a result, the evalu-
ated integral is naturally smooth throughout the spectrum and
eliminates the need for a carefully constructed uniform ap-
proximation that connects different regimes of relevant saddle
points. To this end, the PLDF provides a unique tool that
captures the exact value of the integral while still allowing
for a separation into distinct contributions from the discon-
nected components of the thimble, where each of them may
be identified with a specific electron trajectory.

In the following section we demonstrate this key advantage
of the integration along the thimbles by focusing on cases
where saddle points lie in close vicinity, giving rise to caustics
in the observables. In the subsequent section, we illustrate
the capability of the necklace algorithm to identify relevant
quantum orbits, on the example of the a parameter scan of
amplitude ratios in two-color fields.

B. Spectral caustics

With the rigorous methods of Picard—Lefschetz theory, we
can now study a phenomenon that has so far been inaccessible
to semiclassical quantum-orbit analysis: caustics. Caustics are
the bright features that appear whenever multiple classical
solutions of a quantum-mechanical system coincide, as for
example when multiple (classical) rays of sunlight are bent
by the curved water surface onto the same position and cause
a marbled pattern at the bottom of a swimming pool. In at-
tosecond science, we find the same effect for specific shapes
of the driving laser field’s vector potential which causes the
semiclassical electron trajectories to recombine at the same
time and produce observable bright features in, for example,
the HHG spectrum [12-17,107-109]. The most prominent
example is the high-order harmonic cutoff, for which the
saddle-point solutions for short and long trajectories are very
close (or even coalesce) [57], and which was first observed as
a divergence in the simpler, fully classical, “simple man’s”
model [18]. Mathematically, the appearance of caustics is
linked to catastrophe theory (see Sec. III C) which relates the
number of external parameters K to the number of coalescing
saddle points (K + 1) and, hence, types of caustic structures
and the degree of enhancement. In the context of HHG, the
primary external parameters is the harmonic order g. Across
a spectrum we can therefore observe features related to a fold
catastrophe (K = 1) at which two saddle points coalesce [57].

As we increase the number of control parameters, e.g., by
adding a second driving field, we can observe higher-order
diffraction patterns (cf. [92], Sec. 36.3). Such bright features
have been observed experimentally as intensity enhancements
of specific harmonic orders in [12] and [14], where they have
been attributed to a swallowtail catastrophe diffraction pat-
tern and coinciding classical trajectories, respectively. Both
experiments have slightly different parameters, but topolog-
ically they constitute the same situation: a HHG setup with
a collinear two-color driver comprised of a fundamental field
and a strong second-harmonic component. The caustics can
then be found by scanning over phase delays between the two
constituent fields and measuring the harmonic spectra. They
are related to a swallowtail catastrophe point (K = 3), with

E,/E, = 0.44
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FIG. 13. Harmonic intensity (in a.u.) across a range of harmonic
orders and phase shifts of the two-color field (30) with E, /E; = 0.44,
calculated using quadrature along the flowed integration domain
(PLDF method), resembling a part of the canonical diffraction in-
tegral for a swallowtail catastrophe.

the three external control parameters being harmonic order,
phase delay, and relative intensity.

Here, we present the harmonic intensities for this setup
across a scan over various phase delays ¢ between the two
constituent fields, calculated using the PLDF method. That
is, for every configuration of external parameters (¢, g) we
deform the integration domain using the downward-flow al-
gorithm to determine the Lefschetz thimbles and then evaluate
the HHG dipole integral across the obtained thimble surface.
In Fig. 13 we show this parameter scan for the electric field
(30) with the fixed relative intensity E, /E; = 0.44 that reveals
a projection of the caustic pattern expected for a swallowtail
catastrophe, and a significant enhancement around ¢ = 30 and
¢ = 0.59.1

The Lefschetz thimbles for the parameters with highest
intensity are shown in Fig. 14. While we cannot see striking
differences in the ionization-time projection (top panel), we
find a rather flat surface in the recombination-time projec-
tion (bottom panel). Comparing this to Fig. 11 where several
saddle points’ contributions yield “steep” and disconnected
surfaces, this highlights the fact that around a swallowtail
point multiple saddle points coalesce to one higher-order crit-
ical point for which the steepest-descent manifold covers a
long range of recombination times.

Most importantly, this demonstrates our capability to eval-
uate the HHG dipole integral exactly, even around scenarios
exhibiting caustic features. The specific setup showcased here
is of particular interest as it reveals a significant enhancement
of the harmonic response. However, for HHG driven by poly-
chromatic fields it is not the only configuration where caustics
appear, as, loosely speaking, each new frequency component
of the driving field contributes new saddle-point solutions
that may or may not coalesce (and hence produce caustics)
in a specific parameter condition. One such caustic feature

"For comparison: in Fig. 2 in [12] the HHG yield was modeled
as the respective canonical diffraction integral to demonstrate the
expected pattern, and not actually calculated from the HHG integral.
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FIG. 14. Thimble for the HHG swallowtail configuration
(EL/E; = 0.44, g = 30, ¢ = 0.59), the most intense point of Fig. 13,
in projections as in Fig. 11.

originating from the (near) coalescence of three saddle points
to a cusp catastrophe point appears in the scenario presented
in the following chapter, and is studied in more detail in the
Appendix.

C. The color switchover

The necklace method introduced in Sec. III B 2 allows to
determine relevant quantum orbits for any arbitrary driving
field and independent of a classification of saddle-point so-
lutions. This now enables us to answer the broader question
of how quantum orbits develop throughout any (arbitrary!)
smooth change of parameters. As an example, here we ad-
dress the smooth change from a monochromatic driver, via
a two-color field, to a monochromatic driver of second har-
monic frequency—a technique we term color switchover (see
evolution of field shapes in the left column of Fig. 15), and
introduced in [42].

It provides a framework to study two-color driving fields
with arbitrary intensity ratio (and phase shifts) that seamlessly
connects perturbative setups (where the second color field
intensity is in the order of a few percent) to fully bichromatic
setups (with two constituent fields of equal intensity). This
transition beyond the perturbative regime has proven to bear
interesting dynamics in an ionization-only context already
[42,110,111].

Here, we consider a color switchover with constant pon-
deromotive energy Up,15 i.e., constant total energy of the
driving field. With that, the classical harmonic cutoff for a
monochromatic driver, given by gciass = I, + 3.17U,,, is the
same for the beginning and end of the color switchover. We

5The ponderomotive energy is the time-averaged quiver energy of
the free electron over one cycle of the driving field, U, = (E(t))r =
i (A> + A7),
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FIG. 15. The color switchover scheme: electric fields E(¢) (in
a.u., left column) and respective HHG spectra /(qw) (in a.u., right
column) calculated as a sum of Gaussian contributions from relevant
saddle points. Their individual contributions are color coded, based
on their ionization times marked in the electric field. The markers
in (g) and (i) indicate the specific contributions corresponding to the
trajectories in Fig. 17.

restrict our discussion to fields with zero phase delay (¢ = 0)
between the two components, such that the vector potential
reads as

A(t) = A cos(wt) + A cosut ),

where A; = cos(0)Ey/w and A; =sin(0)Ey/(Cw).
(35)

The electric field is hence given by
E(t) = E; sin(wt) + E; sinRwt),
where E| = Epcos(f) and E, = 2Esin(0). (36)

Here we have used the mixing angle 6 as a parameter to
tune the amplitude ratio of the two constituent fields as
E,/E, =2tan6. For 8 = 0° the field (36) corresponds to a
monochromatic field with frequency w, and for 6 = 90° to a
monochromatic field with frequency 2w. For all intermediate
values of 6, Eq. (36) forms a two-color field with varying
amplitude ratio.

On the left-hand column of Fig. 15. We show the to-
tal electric field E(¢) for the values 6 = 1°, 13°,22°, 67°,
and 88° in Figs. 15(a)-15(e), where we marked Re(t; ;) for
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contributing quantum orbits. This demonstrates the key in-
trigue of the scheme: At the initial stage of the switchover
(0 = 1°) we have two (distinct and clearly separated) ion-
ization bursts within one cycle of the fundamental 7', just
after the maxima of the field at wr = 7 /2 and 37 /2 [Fig.
15(a)]. After the continuous transition to & = 88°, however,
we have four ionization bursts in that same time frame, around
ot =0.6,2.2,3.8, and 5.3 [Fig. 15(e)]. Especially with the
understanding that ionization events (and the associated re-
combination times, making them trajectories) correspond to
saddle points, and saddle points are topologically stable
features of analytic functions, this “jump” in number of ion-
ization events raises a set of questions [42]: Where do the new
ionization events come from? Which of the “old” trajectories
correspond to the “new” ones? When do the new trajectories
start to become relevant for the harmonic spectrum? Picard—
Lefschetz theory allows us to answer these questions.

1. Saddle-point dynamics in complex time

Tracking how the saddle points move in the complex plane
throughout the color switchover reveals rather complicated
dynamics, which makes a consistent classification of tra-
jectories tedious and nonunique, but still possible [76]. For
example, in the beginning of the switchover the saddle points
can be classified as “short” and “long” trajectories as shown
in Figs. 2(b) and 2(c). Upon the color switchover the two
“branches” may break up and reconnect with other, newly
emerging, solutions, such that saddle points that would be
classified as short trajectories for the monochromatic w driv-
ing field transition smoothly (!) into being long trajectories.

The new saddle-point solutions mostly come in from high
imaginary ionization times [note, e.g., the range of Im(# ;)
in Fig. 2(e) for ionization windows B and C] and move down
toward the real axis until they are equally spread out. Focusing
on the ionization times, we find that the typical structure
around the first ionization burst around time wt; = 1.9 [as seen
in Fig. 2(b)], “ripped apart” by the newly incoming saddle
points, which subsequently push some solutions to earlier
times and some solutions to later times. During this process,
trajectories frequently undergo pairwise (avoided) crossings
similar to the one observed and extensively described for the
high-harmonic cutoff in Ref. [57]. As described therein, the
full coalescence of two saddle points to a fold catastrophe
point (K = 1) renders the classification ambiguous and in-
troduces branch cuts into the unified Riemann surface that
solves the saddle-point equations. For the performed color
switchover considered here there are multiple instances of
those full coalescences; we show one of them in Fig. 17(d)
below.

2. Harmonic spectra throughout the switchover

Let us now highlight a few curious features that impact the
observable harmonic spectrum. Therefore, in the right-hand
side of Fig. 15 we present the harmonic spectra with their con-
tributions from the individual saddle points for the respective
stages of the color switchover. We colored the individual sad-
dle points’ contributions according to their ionization window
indicated on the left-hand side, and we show the resulting total

intensity [SPM, from Eq. (9)] in black. The contributions of
nonrelevant saddle points are shown in faint lines.

For the initial stage of the color switchover, i.e., a purely
monochromatic field with frequency w, the HHG spectrum
looks like the one shown in Fig. 12(a). The contributions from
short and long trajectories from within in half-cycle interfere
with each other and due to the dynamical symmetry of the
driving field result in the cancellation of the odd-order total
intensities. A slight perturbation to the driving field breaks
this behavior. In Figs. 15(a) and 15(f) we show the field and
the resulting spectrum shortly after the initial stage of the
color switchover (6 = 1°), i.e., a two-color driving field with
a weak 2w component. We see that the comblike structure of
Fig. 12(a) is broken. Moreover, the contributions of short-long
pairs from within each half-cycle start to separate, visible at
the harmonic cutoff (here around order 60).

When increasing the strength of the second-color field
[Figs. 15(g)-15(j)], this spreading becomes more pronounced.
The newly incoming saddle-point solutions ultimately cause
the harmonic cutoff in the spectrum to break up into two
visible cutoffs [around ¢ = 50 and 75 in Fig. 15(g)]. For the
later stage of the color switchover the newly emergent trajec-
tories produce multiple cutoffs, in Fig. 15(j) at g ~ 32, 47,
and 60. The former, however, do not impact the total shape of
the harmonic spectrum as they stem from higher-order return
pairs of saddle points, i.e., trajectories with longer travel times
and hence weaker contribution [97].

Upon the full completion of the color switchover we also
restore the expected suppression of odd harmonic orders (of
the 2w driver) due to the symmetry of the driving field.

3. Spectral enhancements at the cusp catastrophe

The quantum-orbit-based consideration of the color
switchover allows us to study the intriguing interplay of more
than two trajectories. For example, the color switchover pre-
sented here entails an avoided crossing of three trajectories.
Even if the chosen parameter scan does not include an exact
coalesce,!® it nevertheless results in an enhanced signal for
specific harmonic orders, depending on the mixing angle.
This can be seen in Fig. 15(h) around ¢ = 28, where we find
three contributing saddle-point contributions in close vicinity
(see the three purple lines) resulting in a noticeable increase
of the total spectral intensity around this harmonic order. A
more detailed analysis of this cusp catastrophe point is shown
in Appendix.

In Fig. 16 we show the corresponding semiclassical elec-
tron trajectories for the respective three saddle points for this
situation, as well as for a subsequent field configuration in the
switchover, at 8 = 45°, for comparison. The trajectories are
described by the displacement from the origin (the nucleus)

x(1) = / by + AM) dr, (37)

is

15In fact, the exact coalescence of multiple saddle points requires
complex-valued external parameters, as is explained in full detail for
the case of the coalescence of two saddle points at the high-harmonic
cutoff in [57].
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FIG. 16. Electric fields [(a) and (b)] and three according semi-
classical electron trajectories [(c) and (d)] for three saddle points
contributing to harmonic order g = 28. The respective energy-time
relations are shown in (e) and (f), where filled (empty) markers are
(non-)relevant saddle points. The three assimilating trajectories for
0 = 21° (E,/E; = 0.78) on the left-hand side cause the enhancement
seen in the respective spectrum, Fig. 15(h). The temporal contour
along which the integral (37) is evaluated is shown in the inset of (d).

where the temporal integration starts from # ; € C and goes
down to Re(# ), then all the way to Re(t ;) where it ter-
minates at #,; € C, shown as an inset in Fig. 16. The first
leg of this contour can be interpreted as the trajectory inside
the tunneling barrier and it will give an imaginary-valued
displacement x(7). The second part of the time contour then
describes the classical path of the electron under the influence
of the driving laser field [49,101]. In Fig. 16(c) the trajecto-
ries for the cusp situation are nearly merging, whereas for a
subsequent field configuration [Fig. 16(d)] the trajectories are
noticeably different.

Phenomenologically, this is the same situation as in the
swallowtail caustic described above. For most scenarios
all the various electron trajectories interfere destructively
and their contributions “counteract” each other. In situa-
tions like Fig. 16(b), the depicted electron pathways lie
so close together—while still being individually relevant
contributions—that they interfere constructively as they all
contribute with the same phase towards the total HHG dipole.
This results in a significant enhancement compared to other
configurations. Technically, this is exactly the phenomenon
that can be used to optimize the spectral yield of a desired
harmonic order [14].
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FIG. 17. Tracking four different saddle points (rows) throughout
the color switchover and harmonic orders. Left column: showing
whether the saddle point is relevant (colored) or not (gray). Center
column: trajectories according to Eq. (37) for the indicated 6 value
(horizontal line in the left panel), for all harmonic orders (lines
colored, respectively). Right column: trajectories for the indicated
harmonic order (vertical line in the left panel), throughout the color
switchover (i.e., all values of 6, color shaded, respectively). Markers
in (e), (), and (g) attribute contributions to the spectra in Figs. 15(j)
and 15(g).

4. Individual quantum orbits throughout the switchover

Apart from looking at the shape of the total harmonic
response and how the several ionization windows interfere,
the necklace algorithm gives us the unique capability to follow
individual quantum orbits throughout the color switchover.
This has been inaccessible within the existing understand-
ing of saddle-point methods or their extension to uniform
approximations. In particular, tracking saddle points allows
to examine how the respective electron trajectories and their
relevance to the spectrum changes. In Fig. 17 we showcase
four (types of) saddle points in detail, as representative ex-
amples of common behaviors. In the left column we show
whether the respective saddle point is relevant (colored) or
not (gray), as it is tracked for the range of harmonic orders
and throughout the color switchover. Hence, the boundary
of the colored region of contributions are the Stokes lines in
parameter space, drawn as a black line. In the second column
we show the specific semiclassical electron trajectories, for a
fixed mixing angle (indicated with the rainbow-colored hori-
zontal line in the left panel) and a range of harmonic orders
denoted with the respective color. Similarly, the third column
shows the trajectories for a fixed harmonic order (indicated
by the vertical bar in the left panel) and across the color
switchover denoted with the color gradient. For nonrelevant
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trajectories the lines are drawn faint where it does not lead to
confusion.

The first row in Fig. 17 shows what is eventually the most
dominant short trajectory for the first ionization window of the
2w field. That is, from Fig. 17(a) we find that for 6 = 90° this
saddle point is relevant up to harmonic order ¢ =~ 60, which
constitutes the cutoff of Fig. 15(j). Prior to that (for 6 < 90°),
this saddle point only contributes for lower harmonic orders,
or not at all. We find this behavior particularly interesting, as
this saddle point only starts contributing quite late in the color
switchover, but then in fact plays a prominent role for the
spectrum of the fully 2w driving field. The trajectories shown
in the center panel (for all harmonic orders) correspond to the
contribution marked with a circle in the harmonic spectrum
in Fig. 15(1).

In contrast to that, the trajectory showcased in the second
row contributes to (at least) the early plateau throughout the
full color switchover. It is the first, and hence most dominant,
short trajectory starting from ionization burst four, marked in
Fig. 15(i) with a star. This trajectory remains one of the most
dominant contributors to the spectrum throughout the color
switchover, so that its Stokes line marks a noticeable cutoff
in the spectrum. The Stokes line in the left panel explains the
shift in the high-order harmonic cutoff observed from orders
q = 60 for 6 = 0 to 75, 82, 78, and 60 for 13°, 22°, 67°, and
88° as seen in Figs. 15(f)-15(j), respectively.

In the third row we show the first long trajectory of the
second ionization burst of the 2w driver around wt; = 2.22,
marked in Figs. 15(b) and 15(g) with a square. As a long
trajectory it is relevant for all harmonic orders and remains
so throughout the whole color switchover.

The trajectory shown in the last row is involved in the
caustic mentioned to explain the enhancement around g =
28 in Fig. 15(h). Around the caustic there is a saddle-point
coalescence that introduces ambiguity in the classification
and shows up as a clear discontinuity in Fig. 17(d). For the
beginning of the color switchover this saddle point was a
higher-order return trajectory. After this branch cut, however,
this trajectory eventually becomes the long trajectory of the
fourth ionization burst of the 2w field.

To conclude, Fig. 17 demonstrates how the electron tra-
jectories change smoothly upon parameter scans, but their
relevance to the total spectrum may change abruptly. In turn,
tracking contributions from distinct quantum orbits through-
out a parameter scan allows us to attribute the observable
features of the harmonic spectra to these specific saddle-point
dynamics.

V. OUTLOOK

This paper introduces the ideas of Picard—Lefschetz theory
to attosecond science and strong-field physics. We presented
two computational methods that utilize these concepts: the
continuous downward flow of the integration domain, and the
necklace algorithm to determine the relevance of given saddle
points. Both of those methods have the flow of the discretized
integration domain [Egs. (12) and (22), or (32) and (34) in
the context of HHG] as a central algorithmic element. While
these flows theoretically preserve Im[¢(x)], their discretized
numerical implementation as a first-order Euler scheme can

lead to numerical instabilities and, hence, limitations in
the usage of the methods. This issue becomes particularly
important near Stokes transitions, where a precise treatment of
Im[¢(x)] is essential by definition. Looking forward, a more
rigorous way to identify and incorporate Stokes transitions
can be developed.

We have applied our methods to calculate the HHG re-
sponse across ranges of external parameters that contain
Stokes transitions and hence show caustics. Generally, the
study of caustics is inherently linked to the framework of
catastrophe theory. By identifying parameters that cause the
coalescence of saddle points one can hence classify the re-
spective catastrophe. This allows us to compute the expected
enhancement of the signal at the catastrophe point compared
to the signal in its vicinity. The so-called “twinkling expo-
nents” [112] have been used to motivate the enhancements
within a harmonic spectrum [12,14], but the rigorous deriva-
tion for arbitrary parameter scans is still missing in the context
of attosecond experiments.

Furthermore, the identification of catastrophe points allows
to develop uniform approximations that smoothen the integral
contribution of several saddle points in its parameter vicinity.
Realizing these for specific parameter scans would allow a
fully saddle-point-based analytical approach without artificial
discontinuities even in the case of coalescences of three or
more saddle points.

Alternatively, however, the separate thimbles can be eval-
uated individually using a standard quadrature of the surface
elements. As shown by Eq. (29) this yields the exact integral
for the HHG dipole in terms of distinct contributions, irrespec-
tive of the saddle points (and their vicinity).

VI. CONCLUSION

The description of strong-field-induced processes like
tunnel ionization and the generation of high-order harmonics
is often linked to the intuitive picture of interfering
semiclassical electron trajectories. Mathematically, this
corresponds to making the saddle-point approximation to
the integrals that describe the atomic response in the SFA
formulation, such as the harmonic radiation dipole (6). The
spectral intensity of a given harmonic order is expressed
as a sum over contributions from discrete quantum orbits,
i.e., a sum of Gaussians centered around saddle points. For
a given laser field, however, there are far more solutions
to the saddle-point equations (10) than quantum orbits that
contribute to the dynamics. Their selection has so far been
based on heuristics and empirical rules, which fail for generic
state-of-the-art lasers to drive the process.

In this paper, we presented Picard—Lefschetz theory as
a tool to rigorously and unambiguously evaluate the dipole
response in a quantum-orbit-based fashion for any arbitrary
driving laser waveforms. For that, we understand the dipole
response as a two-dimensional path integral over ioniza-
tion and recombination times. Continuously deforming the
two-dimensional integration contour into the complex plane
allows to rewrite the integral as a sum of contributions along
so-called Lefschetz thimbles. These are steepest-descent con-
tours (surfaces) attached to the saddle points. The continuous
deformation of the contour towards the thimble is dictated by
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the “downward flow” and preserves the value of the integral,
such that any intermediate flow step is an equal, and hence
exact, representation of the integral. Conversely, as an alter-
native approach, we can identify contributing saddle points
by checking whether there is an “upward flow” (a steepest-
ascent contour, the dual thimble) that connects them back to
the original integration domain, the plane of real ionization
and recombination times. For the case of a one-dimensional
integral the steepest-ascent contours are lines that connect
back to the real axes for relevant saddle points—a property
that is computationally straightforward to inspect. For the case
of a two-dimensional integral the steepest-ascent contours are
surfaces (embedded in 4D real space) which cannot be readily
determined. We therefore introduced a procedure that we call
the necklace algorithm, in which we only flow the brim of the
dual thimble and indubitably identify all possible intersections
with the real plane. This allows us to systematically determine
relevant saddle points to a two-dimensional integral.

We apply these methods to strong-field phenomena that
have so far been inaccessible to semiclassical analysis. One
of them is the appearance of spectral caustics, where the
close proximity (or even the full coalescence) of multiple
saddle-point solutions (read trajectories) causes a significant
enhancement in the observed signal. In these scenarios, the
correct analytical representation of the integral requires uni-
form approximations that account for the non-Gaussian shape
around the saddle points. Evaluating the integrand along the
deformed contour, however, is independent of the nature of the
critical points, and hence allows us to evaluate the SFA inte-
gral exactly even in the vicinity of saddle-point coalescences.

The versatility of the introduced Picard-Lefschetz methods
allows us furthermore to address questions of a new class
of parameter scans: the color switchover [42]. The gradual
replacement of a monochromatic driving field with its second
harmonic, via two-color configurations of increasing ampli-
tude ratio, connects the perturbative second-color regime to
fully bichromatic driving fields. Using the necklace algorithm,
we are able to identify the relevant quantum orbits through-
out the full range of different driving-field configurations.
For the perturbative case, we can attribute the unfolding of
the high-harmonic cutoff to the dominant pairs of trajecto-
ries from the respective half-cycles. Increasing the relative
strength of the second harmonic eventually leads to newly
emerging ionization bursts that produce topologically stable
enhancements in the spectrum. These arise due to the unavoid-
able proximity to a threefold saddle-point coalescence (a cusp
catastrophe), which is here demonstrated in the context of at-
tosecond science. Moreover, tracking individual saddle-point
solutions throughout the color switchover allows to show how
the electron trajectories react to the change of driving field.

Ultimately, we have shown the rigorous link between
the SFA integrals for both the ionization amplitude (one-
dimensional time integral) and the HHG response (two-
dimensional), and its interpretation in terms of quantum
orbits, for arbitrary driving fields. This opens up the pos-
sibility to analyze semiclassical trajectories for generic
parameter scans and more complex wave forms, e.g., three-
dimensionally structured light fields. Depending on the
specific configuration, there might be other methods derived
from Picard-Lefschetz theory that simplify the identification

of relevant quantum orbits or, more generally, the evaluation
of the integral. More specifically, the relevance of quantum
orbits and the occurrence of Stokes phenomena may be fur-
ther illuminated by including higher-order corrections in the
saddle-point approximation using the mathematical theory
of resurgence [113,114]. Furthermore, we look forward to
seeing Picard-Lefschetz methods applied to other highly os-
cillatory integrals within attosecond science as well, including
high-order ATI, with its description of rescattered electrons
[53,65,66], dynamic interference in ionization stabilization
[115,116], or attosecond streaking [117]. As the theoretical
framework is independent of the dimensionality of the inte-
gral, it could be used to simplify the five-dimensional integrals
arising in calculating the response of solid targets to strong
laser-field radiation [118].
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APPENDIX: THE CUSP CATASTROPHE POINT

As atopological feature of the color switchover we identify
a cusp catastrophe point causing observable enhancements in
the spectrum. For the exact coalescence of three saddle points,
however, we require external parameters to assume complex
values. The smaller those imaginary parts are, the larger is the
effect of the catastrophe point on the observed quantity. For
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FIG. 18. Zoom-in on the spectrum of Fig. 15(h), highlighting the
three different contributions that cause the enhancement of harmonic
order 28 due to the nearby cusp catastrophe point. The saddle-point
method (black, SPM) shows a discontinuity at this enhancement,
whereas the Picard—Lefschetz downward flow (blue, PLDF) remains
smooth across the caustic. Individual saddle points’ contributions are
shown as (empty) filled markers for the (non-)relevant saddle points
that are involved in the caustic.
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FIG. 19. Saddle points in the complex plane for the spectrum
shown in Fig. 15(h), indicating a cusp catastrophe.

the given phase shift ¢ = 0 presented in the main text of this
paper we find the largest relative enhancement of this cusp
point when 6 = 21° (see Fig. 18). At the enhancement around
harmonic order g & 28, we find a slight discontinuity in the
harmonic intensity as calculated from the sum over relevant
saddle points (black, SPM). In contrast, the total intensity
calculated using the downward flow (blue, PLDF) remains
smooth across this caustic.

The saddle points for 6 = 21° (E,/E; = 0.78), ¢ = 0, and
for a range of ¢ =20 to 40 are shown in Fig. 19, indi-
cating three branches of solutions in close proximity. The
exact coalescence for three solutions only happens in complex
parameter space, at 0 = (21.28 + 0.03i)°, ¢ =0, and ¢ =
27.95-0.1i. This cusp point is marked as a triangle in Fig. 19,
sitting in the center of the three real-parameter saddle points.

In Fig. 20 we show how the exact location of this cusp
point changes depending on the external parameters. The
[Re(q), Re(8)] projection in Fig. 20(b) indicates how the spe-
cific harmonic order which is enhanced by the coalescence
changes as we perform the color switchover. Figure 20(c)
confirms that for color switchovers with a different two-color
phase delay ¢ there is still a cusp catastrophe point [76].
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FIG. 20. Projections of parameter combinations (0, ¢, g) for a
cusp catastrophe point at which three saddle points coalesce. For
the exact coalescence we assume 6 € C and ¢ € C and denote the
respective imaginary parts as marker size in (b) and (c). In all three
panels the color indicates the real part of the harmonic order g. The
cusp point reported in the main text and above is drawn as a triangle.

However, the increased imaginary parts of the external pa-
rameters (indicated by the marker size) suggest that it plays
a subdominant role for the total spectrum.
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