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Topological materials are of interest to both fundamental science and advanced technologies because topo-
logical states are robust with respect to perturbations and dissipation. Experimental detection of topological
invariants is thus in great demand but remains extremely challenging. Ultrafast laser-matter interactions, and
in particular high-harmonic generation, meanwhile, were proposed several years ago as tools to explore the
structural and dynamical properties of various matter targets. Here we show that the high-harmonic emission
signal produced by a circularly polarized laser contains signatures of topological phases and transitions in
the paradigmatic Haldane model. In addition to clear shifts of the overall emissivity and harmonic cutoff,
the high-harmonic emission shows a unique circular dichroism, which exhibits clear changes in behavior at the
topological phase boundary. Our findings pave the way to understand fundamental questions about the ultrafast
electron-hole pair dynamics in topological materials via nonlinear high-harmonic generation spectroscopy.

DOI: 10.1103/PhysRevB.102.134115

I. INTRODUCTION

The study of topological order was initiated by the dis-
coveries of the Berezinskii-Kosterlitz-Thouless transition in
2D as well as the integer and fractional quantum Hall effects
[1–3]. These materials constitute a new paradigm, since they
are characterized by a global order parameter: this goes be-
yond the standard Landau theory of phase transitions, which
uses local order parameters to describe materials. Topological
order, due to its robustness and resistance to perturbations, has
already found applications in standards and metrology (most
notably, via the integer quantum Hall effect, a key ingredient
of the recent revision to the SI system of units [4]), and
promises numerous applications from quantum spintronics
and valleytronics to quantum computing.

One question of particular interest is the possible applica-
tions of topological insulators and superconductors [5]. These
systems are insulating in their bulk, but have conducting sur-
face states protected by the topological invariant of the bulk. A
considerable number of solid-state systems with these proper-
ties have been proposed in recent years, both in the context of
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real topological materials [6] and in synthetic ones, employing
ultracold atoms [7], photonic systems [8], and mechanical
systems [9], among others. Nevertheless, new methods for the
creation and physical characterization of topological phases
are still being sought for real materials. Here we focus on the
detection of topological phase transitions and different topo-
logical phases by the highly nonlinear optical responses of the
medium—specifically, high-harmonic generation (HHG)—as
a counterpart to recent proposals based on linear-optical prop-
erties [10,11].

HHG is a highly nonperturbative process in which a ma-
terial medium (which may be an atom, molecule, or solid) is
driven by an intense laser field, producing extreme ultraviolet
(XUV) photons as harmonics of the driving frequency. The
XUV emission can carry information about the structure and
dynamics of the medium, as first proposed for molecules by
Itatani et al. [12] (for a recent review of various processes
in strong laser fields, see Ref. [13]). In HHG, an ultrashort
(5–50 fs) intense midinfrared (MIR) laser pulse causes par-
tial ionization of an electron in an atom or molecule; the
resulting electronic wave packet is accelerated in the laser
field, returns to and recombines with the parent ion, pro-
ducing high-order harmonics [14,15]. The efficiency of this
process depends directly on the atomic or molecular orbital
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that the electron leaves and recombines with. The electronic
and molecular structure of the target can similarly be probed
by the rescattered electron (without recombination) via laser-
induced electron diffraction [16,17].

In the last few years, the subject of HHG from solid-state
targets has attracted considerable attention [18–20]. In par-
ticular, Vampa et al. investigated the role of intraband and
interband currents in ZnO experimentally, employing HHG
to characterize structural information such as the energy dis-
persions [21–23] from their nontrivial coupling [24], where
interband dynamics governed the emission. However, depend-
ing on the material structure, Golde et al. [24] also showed that
the intraband mechanism might govern over the interband.
Additionally, real-space approaches that, in some regimes,
discard the band-structure picture altogether have recently
been developed [25]. The latter show that inter- and intraband
mechanisms cannot trivially be disentangled, and their natures
and relationship remain a matter of intense discussion in ultra-
fast science.

Generally, existing studies have dealt with standard mate-
rials, where the topology does not play a role. Nevertheless,
Berry-phase effects have been explored in some topologically
trivial materials: This includes experimental studies of HHG
in atomically thin semiconductors [26] and in quasi-2D mod-
els [27], which show the sensitivity of harmonic emission
to symmetry breaking (specifically, the breaking of inversion
symmetry (IS) in monolayer MoS2 and α quartz, via the
appearance of even harmonics), as well as the effects of Berry
curvature on the HHG spectrum of a time-reversal-invariant
material [28]. On a broader outlook, recent works have
focused on HHG in graphene [29–32], monolayer transition-
metal dichalcogenides [33,34], and strained MoS2 [35,36],
as well as bilayer graphene [37]. HHG from strongly corre-
lated materials has also been investigated recently, with work
probing dynamical Mott-insulator transitions [38] as well as
strongly correlated spin systems [39].

Very recent work, however, has started to consider more
directly the question of whether HHG is sensitive to topologi-
cal order, starting from the contributions of edge states in a
1D-chain model of the Su-Schrieffer-Heeger (SSH) system
[40], which can significantly influence the harmonic emis-
sion [41–43]. In particular, recent work has also shown that
the topological transitions in the Haldane model (HM)—a
paradigmatic Chern insulator—leave explicit traces in the he-
licity of the emitted harmonics [44]. Further work has also
probed HHG in carbon nanotubes [45], few-layer [46], and
3D [47] topological insulators, and in materials with nodal
topology [48].

Interestingly, Tran et al. [11] considered Chern insulators
in an ultracold atom system in circularly shaken lattices, cor-
responding to impinging a circularly polarized driver. They
demonstrated that the depletion rates corresponding to left-
and right-polarized drivers show dependence on the orienta-
tion of the circular shaking. This circular dichroism (CD) was
then directly related to the topological invariant, the so-called
Chern number. The latter was recently measured in a cold
atom experiment [49]. In this paper, we show that the CD
produced with HHG can be used to herald the topological
phase transition in a 2D topological Chern insulator mate-
rial, analogous to its role in magnetic materials [50]. We

demonstrate this in detail for the paradigmatic HM, illustrated
in Fig. 1 [51]. We derive, verify, and apply the theory of
HHG driven by both linearly and circularly polarized light
in a two-band model, fully including the effects of the Berry
curvature and its associated connection. We characterize and
analyze the HHG spectrum, via both the intra- and inter-
band contributions, and using both numerical and analytical
approaches.

Moreover, we develop a theoretical formalism which is
gauge invariant with respect to both the electromagnetic and
the Bloch wave-function gauges [52]. In topological phases,
no continuous single-gauge charts exist [53] which would
allow a correct and regular description of dipole transition
matrix elements over the entire Brillouin zone (BZ): for ev-
ery gauge, there is at least one point in k space where the
dipole moment (and with it the Berry connection) has a
discontinuity. To deal with this inevitable discontinuity, we
develop a multigauge approach using separate Bloch-gauge
charts for different regions of the BZ. We also perform a
crystal-momentum saddle-point analysis of the obtained ex-
pressions for the interband and intraband currents. This allows
us to derive expressions for the semiclassical electron-hole
trajectories—including the effect of the band topology and
Berry curvature and connection—and also to preserve gauge
invariance (in contrast to, e.g., Ref. [54]) accounting explicitly
for the phase of the transition dipole moments.

Our theoretical approach provides a complete model which
predicts the following: (i) reported features of experiments for
both linearly and circularly polarized driving lasers [26,27,55]
and novel behaviors for topologically non trivial systems;
(ii) that HHG is extremely sensitive to IS and, in addition,
to breaking time-reversal symmetry (TRS); and (iii) the HHG
spectrum intensity depends on the topological phases, and the
CD of high harmonic orders (HOs) is sensitive to the crossing
of a topological phase transition boundary. Our work is mainly
focused on the HM but we expect that the broad features are
generally applicable to Chern insulators.

After this Introduction, we review the HM in Sec. II. Next,
in Sec. III, we describe in detail how to handle the singularities
of the dipole transition moment which are required to appear
in topologically nontrivial phases. In Sec. IV, we discuss the
semiconductor Bloch equations (SBEs) and methods of their
treatment, as well as our observables, the inter- and intraband
charge currents. Section V is devoted to the discussion of the
Keldysh approximation, as well as a quasiclassical analysis
based on the saddle point approximation applied to the gauge-
invariant action, from which we can analyze the effect of
the topology on the electron-hole trajectories. In Sec. VI, we
begin to examine applications of our theory and consider the
first HHG spectra in practice as a benchmark for our theory
against known results for α-quartz. We go on, in Sec. VII,
to discuss the question whether HHG can provide signatures
of topological phases in any sense. We argue that the answer
to this question is positive, and this is particularly spectacular
when we consider CD, which we discuss in detail in Sec. VIII.
Additional support for our results can be gathered by analyz-
ing the effects of dephasing on HHG spectra: The harmonics
that exhibit strong dichroism are particularly robust with re-
spect to dephasing, which we explore in Sec. IX. Finally, we
conclude and present an outlook in Sec. X.
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FIG. 1. Phase diagram and band structures of the Haldane model. (a) Phase diagram in the plane (φ0, M0/t2), with the different phases
labeled by their Chern number C; the green line shows the boundary of the topological phase transition. The band-structure diagrams
correspond to the points X, Y, Z, and Q as marked in (a), with the point Q at the phase transition showing the gapless Dirac cone at the
K point. (Y) and (Z) depict the band structure when the conduction-band topological invariants are C = ±1 at the phase points φ0 = ±π/2
and M0 = 2.54t2. (Y) shows how the midinfrared laser-source oscillations (red-solid line) drive the topological material; this can be with both
linear and circular polarizations. We also depict a physical cartoon of the electron-hole pair dynamics driven by a linearly polarized laser, i.e.,
creation, propagation, and annihilation or recombination by the black-dashed lines with arrows, and finally the subsequent harmonic emission
(violet oscillations). The dashed lines in (a) indicate the cuts used for the parameter scans below. Panels (b) and (c) show the Brillouin zone
and the real-space lattice of the Haldane model with the couplings in use.

II. THE HALDANE MODEL

The HM [51], originally introduced as a toy model, repre-
sents the first example of an anomalous quantum Hall effect
[56], and it captures the essential features of a number of ma-
terials [57,58]—in particular, the quantized transverse (spin)
conductivities of the quantum spin Hall effect [59], where the
transport takes place along protected edge states. Moreover,
this model remains solvable and implementable in quantum
simulators [60], which makes it a flexible tool for under-
standing a wide range of phenomena. Specifically, the HM
describes a tight-binding Hamiltonian of spinless fermions
on a 2D hexagonal lattice with a real nearest-neighbor (NN)
hopping t1, an on-site staggering potential M0, and a com-
plex next-to-nearest-neighbor (NNN) hopping t2eiφ0 . The HM
belongs to the class of Chern insulators [61] and is charac-
terized by a topological invariant, i.e., the Chern number [see
Eq. (11)]. In this section, we provide the details of the Hamil-
tonian, its eigenvalues and eigenvectors, its Berry connection,
the Berry curvature, and Chern number that derive from it,
and the transition dipole moments, as well as the relationships
between these quantities.

A. Hamiltonian for the Haldane model

The HM is described by a tight-binding Hamiltonian of
spinless fermions with a real NN hopping t1, a complex NNN
hopping t2eiφ0 , and an on-site staggering potential M0. The

Hamiltonian in momentum space reads

H0(k) = B0,k σ0 + Bk · σ, (1)

where the set of B0,k and Bk = {B1,k, B2,k, B3,k} is known
as a pseudomagnetic field describing the tight-binding
components of the Hamiltonian in momentum space, which
read

B0,k = 2t2 cos φ0

3∑
i=1

cos(k · bi ), (2a)

B1,k = t1

3∑
i=1

cos(k · ai ), (2b)

B2,k = t1

3∑
i=1

sin(k · ai ), (2c)

B3,k = M0 − 2t2 sin φ0

3∑
i=1

sin(k · bi ). (2d)

Here the ai are the NN vectors of the lattice [from atom
A to B, see Fig. 1(c) for more details], a1 = (0, a0), a2 =
1
2 (−√

3,−1)a0 and a3 = 1
2 (

√
3,−1)a0, and the bi are the

NNN vectors (from atom A to A, or B to B) given by b1 =
(
√

3, 0)a0, b2 = 1
2 (−√

3,+3)a0 and b3 = 1
2 (−√

3,−3)a0,
with a0 denoting the distance between the atoms A and
B. In Eq. (1), moreover, σ0 is the identity matrix and σ =
{σ1, σ2, σ3} is the vector of Pauli matrices, which is taken on
a reference frame such that the eigenstates of σ3 are Bloch
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waves that are localized to sites A and B, respectively, within
each unit cell. The symmetries of the model are obtained as
follows: (i) a nonzero magnetic flux φ0 breaks the TRS and
(ii) a nonzero staggering potential M0 breaks the IS.

B. Eigenvalues and eigenvectors

As the Hamiltonian is described by a 2 × 2 matrix in
the Bloch basis, the eigenvalues and the eigenvectors of
the Hamiltonian can be found analytically, using standard
tools: the Hamiltonian is essentially a Pauli matrix along the
B̂(k) := Bk/|Bk| direction in the same space as the σ Pauli
vector and its eigenvectors are the corresponding spin states
as usual. The energy spectrum thus reads

εc/v (k) = B0,k ± |Bk|, (3)

with the upper (lower) sign corresponding to the conduction
(valence) band. We also define, for future use, the polar co-

ordinates φk and θk of B̂(k), as tan φk := B̂2,k

B̂1,k
and cos θk :=

B̂3,k.
The eigenvectors of H0 at crystal momentum k are the

Bloch waves

|�m,k〉 = eik·r|um,k〉, (4)

where |um,k〉 are the lattice-periodic functions which are
given, in the basis of A- and B-Bloch waves that the Hamilto-
nian Eq. (1) acts in, by

|u+,k〉 = 1

N+,k

(
B3,k + |Bk|
B1,k + iB2,k

)
=

(
e−iφk/2 cos θk

2

e+iφk/2 sin θk
2

)
, (5)

|u−,k〉 = 1

N−,k

(iB2,k − B1,k
B3,k + |Bk|

)
=

(
e−iφk/2 sin θk

2

−e+iφk/2 cos θk
2

)
, (6)

with N±,k a suitable normalization constant. As usual, these
eigenstates are only defined up to a (possibly k-dependent)
phase. Changes to this phase are the Bloch gauge transfor-
mations that we will examine in depth in Sec. III. A gauge
transformation of the wave function Eqs. (5) and (6) can
be performed by a unitary transformation and would lead
to a new vector B′

k = {B′
1,k, B′

2,k, B′
3,k} (for example, B′ =

{B2, B3, B1}). Such a transformation keeps invariant the en-
ergy dispersions and Berry curvatures but modifies the Berry
connection and the transition dipole moments. This gauge
control will be implemented numerically to manipulate the
discontinuities and singularities of the dipole matrix element
and Berry connections in the BZ of topological phases.

C. Berry connection, Berry curvature, and Chern number

To calculate the radiation-interaction properties of these
eigenstates, we require the dipole transition matrix elements
between them. These can be singular functions of k [62,63]
and read

〈�m′,k′ |x|�m,k〉 = −i∇k(δm′mδ(k − k′)) + δ(k − k′)dm′m(k),

(7)

where

dm′m(k) = i〈um′,k|∇k|um,k〉 (8)

is a regular function which encodes the momentum gradient
of the periodic part of the Bloch functions. In Sec. III below,
we will examine in detail the off-diagonal matrix elements
dcv (k), which must always exhibit singularities when the ma-
terial is in the topological phase, but for now we focus on
the diagonal elements. In 1D systems with trivial topology,
the diagonal elements of the transition dipoles can always be
made to vanish but in higher dimensionality this is impossible:
these diagonal elements give the Berry connection of the band,

ξm(k) = dmm(k)

= i〈um,k|∇k|um,k〉, (9)

which is responsible for the parallel transport of wave-
function phase around the band. This parallel transport is
measured by the Berry curvature, given by the gauge-invariant
curl

�m(k) = ∇k × ξm(k) (10)

of the connection, whose integral over the entire band,

Cm := 1

2π

∫
BZ

�m(k)·d2k, (11)

is the topological invariant of the system, known as the Chern
number.

For the specific case of the HM eigenstates with the gauge
fixed by Eqs. (5) and (6), the Berry connection is given explic-
itly by

ξv/c(k) = ∓ 1
2 (cos θk )(∇kφk ), (12)

so the Berry curvature reads

�v/c(k) = ∇k × ξv/c(k) = ∓ 1
2 (∇k cos θk ) × (∇kφk ), (13)

and the Chern number results are

Cc/v = ∓ 1

4π

∫
BZ

d2k · [sin θk(∇kθk ) × (∇kφk )]. (14)

In the HM, the Chern number of the conduction band Cc = C
can take the values of −1, 0, and +1 depending on M0 and φ0

(see Fig. 1). The trivial phase has a zero Chern number and the
two topological phases are characterized by Chern numbers
C = ±1. Figure 1(a) depicts the phase diagram in terms of φ0

and M0, showing three distinct phases: a trivial phase with
Chern number C = 0 and two different topological phases,
with Chern numbers C = ±1. At the boundary between the
phases, the band gap closes, as shown for the point (Q).

D. Dipole moment and the Berry curvature
in the Haldane model

We now turn to the dipole matrix element, as initially
defined in Eq. (8), and which is here given by

dcv (k) = 1
2 [(sin θk )(∇kφk ) + i∇kθk]. (15)

On the one hand, we find that the cross product of the HM
dipole Eq. (15) yields

Im
(
dx

cvdy∗
cv

) = 1
4 sin θk

[
∂kyθk ∂kxφk − ∂kxθk ∂kyφk

]
. (16)

Expanding the Berry curvature in the HM, given by Eq. (13),
one obtains

�v/c(k) = ∓ 1
2 sin θk(∇kθk × ∇kφk )

= ∓ẑ 1
2 sin θk

[
∂kyθk ∂kxφk − ∂kxθk ∂kyφk

]
. (17)
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(e) (f) (g) (h)

FIG. 2. (a)–(d) Dipole transition matrix elements over the Brillouin zone for trivial and topological phases for different gauges. We show the
x component in a color map ranging from dark blue to red, with white at zero. The hexagon shows the first BZ, with the K (K′) points denoted
by the white (yellow) circles. The insets in (c), (d) show cuts through the singularities: (c) along ky, at fixed kx = −1.85 (black), −1.80 (green),
−1.75 (blue), and −1.70 a.u. (red), and (d) in vertical cuts at fixed ky = −0.55 (black), −0.50 (green), −0.45 (blue), and −0.40 a.u. (red).
The cyan circles highlight the discontinuities in the dipoles. (e)–(h) The resulting HHG spectra under an LCP laser driver, for gauges A and
B (e), (g) and our variable-gauge method (f), (h), for both phases. We set t1 = 0.075 a.u., t2 = t1/3, M0 = 0.0635 a.u. = 2.54t2 and a0 = 1 Å,
giving a band gap of Eg = 3.0 eV, and we use a magnetic flux of (a), (b) φ0 = 0.06 rad, giving C = 0, and (c), (d) φ0 = 1.16 rad, giving
C = +1. For the HHG spectra, we use the pulse Eq. (25) with E0 = 0.0045 a.u., ω0 = 0.014 a.u. = 0.38 eV (corresponding to λ = 3.2 μm),
and with a Gaussian envelope lasting Nc = 14 cycles at FWHM; we use a dephasing time of T2 = 220 a.u. We integrate over a momentum grid
of Nx = 873 by Ny = 511 points using a two-dimensional Simpson rule, with boundaries at kx,max = 2π√

3a0
and ky,max = 2π

3a0
; for the SBE time

integration our time step is dt = 0.1 a.u.

We conclude, thus, that

v/c = ∓2 Im
[
d (x)

cv d∗(y)
cv

]
, (18)

which demonstrates the close relationship between dipole
matrix elements and the Berry curvature in the HM. This con-
firmation of the relation of the dipole product with the Berry
curvature is extremely important, since this leads to a direct
connection of the interband transition current of Eq. (36) and
the topological invariant for this model.

III. GAUGE-INDUCED DISCONTINUITIES
IN THE TRANSITION DIPOLES

In general, it is desirable for the phase in front of the
eigenstates in Eqs. (5) and (6), together with the Berry con-
nections and the dipole matrix elements that derive from it, to
be continuous over the entire Brillouin zone (BZ). However,
this is not always possible: Indeed, this is the core distinction
between the topologically trivial and nontrivial phases. In the
nontrivial phase, it is provably impossible to find a Bloch wave
function gauge that will work smoothly for all momenta in the
BZ [53].

In the trivial phase, on the other hand, globally smooth
gauges are viable [52]—but they are not guaranteed [63],
either, so one must always be prepared to handle discon-
tinuities and singularities in these quantities. Moreover, as
the SBE directly incorporate these two quantities [see be-
low Eqs. (23) and (24)], the numerical calculations of the
currents can inherit those artificial singularities, leading to
numerical instabilities and noise in the harmonic plateau

or cutoff. Here we show an example of how this numer-
ical instability arises and the method we use to solve it.
This method relies on the control of the localization of the
dipole discontinuity in the BZ. Such control is realized by
choosing different gauges for different regions (in the lan-
guage of differential geometry, for different charts [64]) of
the BZ.

Figures 2(a) and 2(b) show the real part of the x component
of the dipole matrix element, d (x)

cv (k), of a trivial topologi-
cal phase, taken in two different gauges: A, where B′

k,A =
(B2,k, B3,k, B1,k ), and B, where B′

k,B = (B3,k, B1,k, B2,k ). As
can be seen in the figure, both gauges exhibit substan-
tially different dipoles, but their corresponding high-harmonic
emissions—shown in Fig. 2(e)—are absolutely the same, i.e.,
the harmonic emission is gauge invariant, as expected. This
is a simple and obvious test, but it demonstrates a powerful
mathematical property that will help us to circumvent the
numerical noise, which can compromise our (or any) inter-
pretations of the harmonic emission from topological phases,
if the singularities are not well handled or numerically inte-
grated. Here, we find a simple method to solve this issue.

Figures 2(c), 2(d), and 2(g) show similar results for a topo-
logically nontrivial phase. Most prominently, in the dipole
maps of Figs. 2(c) and 2(d), we notice pronounced discon-
tinuities in the dipole for both gauges, which are highlighted
by the cyan circles (see inset plots). Second, the HHG calcula-
tions for gauges A and B, shown in Fig. 2(f), show numerical
noise around the plateau at HOs >5th and, more troublingly,
a lack of a well-defined cutoff. These features signal a nu-
merical instability of the calculation, which is independent
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of the numerical convergence of our fifth-order Runge–Kutta
method.

To solve this problem, we use the fact that the k-space
discontinuities in the dipole can be shifted within the BZ [as
shown in Figs. 2(c) and 2(d)] by choosing different gauges: the
existence of singularities is inevitable [53] but their location in
k-space is not fixed and it can be moved by switching phase
conventions. Therefore, we use different gauges to calculate
the SBE [see Eqs. (23) and (24)] evolution in different patches
of the BZ, and then coherently combine the currents at the
end of the calculation. Thus, in our variable-gauge technique,
we apply the two gauges described above, A and B, for the
different BZ regions where each gauge is regular, using the
following three criteria:

(i) Gauge A for the BZ region which obeys the constraints
−ky,max � ky � εy,1, where εy,1 = −0.35 a.u. is marked with
the horizontal green dashed line in Fig. 2(d).

(ii) Since all physical quantities are periodic within the
whole BZ, the regions Q1, Q2, and Q3 [marked by green
boxes in Fig. 2(c)] are physically equivalent, we use gauge
A shifted to the Q3 region when ky satisfies εy,1 < ky � εy,2,
where εy,2 = 0.02 a.u.

(iii) We use gauge B for momenta which satisfy εy,2 <

ky � ky,max.
We compute HHG with this variable-gauge method for

both the trivial and topological phases. For the trivial phase we
show the resulting harmonic spectrum in Fig. 2(h), where the
red dashed line shows the variable-gauge results; we find very
good agreement between this approach and the fixed-gauge
reference (using gauge B), which works well for the trivial
phase, as discussed above, and thus serves as a benchmark for
the variable-gauge approach. Silva et al. have developed an in-
teresting alternative to circumvent the dipole matrix elements
singularities in trivial and topological materials by integrating
numerically the SBEs or the reduced density matrix, namely,
the maximally localized Wannier-approach (MLW) frame-
work [65]. Our variable gauge approach was compared to
the MLW. This variable-gauge Bloch wave function method
perfectly agrees with MLW too.

With this in place, we can confidently apply the same
technique to the calculation of HHG for the topological phase,
the results of which are shown in the red line of Fig. 2(h).
The HHG spectrum for this topological phase shows a clean
plateau with well-defined harmonics and a clear cutoff region.
Moreover, there is a clear numerical threshold, in comparison
to the fixed-gauge method using gauge B. Our numerical
threshold is fixed at IHHG ≈ 10−16 arb. units, but we have
found that this threshold can be reduced up to 10−25 arb. units
for the HHG yield, depending on the parameters used for the
BZ grid and the time integration.

That said, it is important to note that, while our variable-
gauge method can map the plateau and cutoff very well for
topological phases, our method finds an undefined harmonic
cutoff, as shown in Fig. 6 below. This occurs at the critical
point of the HM, where the band gap closes, at the topological
phase transition. This behavior is expected, since the closing
of the band gap creates an undetermined dipole matrix ele-
ment at the Dirac cone, where the population is most easily
transferred to the conduction band.

IV. SEMICONDUCTOR BLOCH EQUATIONS

We introduce and examine the equations governing the
microscopic time-dependent response of the solid due to the
laser-matter interaction, the SBEs [66]. We follow the ap-
proach of Refs. [18,19], generalizing it to include the effects
of possible nontrivial topology.

A. Semiconductor Bloch equations

If we write down the electronic-crystalline wave function
in the form

|�(t )〉 =
∑

m

∫
BZ

dk am(k, t )|�m,k〉, (19)

the time evolution of the Bloch-space probability amplitudes
am(k, t ), as determined by the Schrödinger equation, can be
transformed into the form [62]

iȧm(k′, t ) = εm(k′)am(k′, t )

+ E(t ) ·
∑

m′

∫
BZ

〈�m,k′ |x|�m′,k〉am′ (k′, t ). (20)

Here εm(k) denotes the energy dispersion for the
valence/conduction band m = v, c, and m′ also ranges
over both bands. We then compute the second and third terms
on the right-hand side of the above equation by using Eq. (7),
and we find

ȧm(k, t ) = −i[εm(k) + E(t )·ξm(k) − iE(t ) · ∇k]am(k, t )

− iE(t ) ·
∑
m′ 	=m

dmm′ (k) am′ (k, t ). (21)

This differential equation mixes time derivatives with the
momentum gradient ∇k, which also occurs for strong field
approximation (SFA) treatment of atoms [13]. Thus, we apply
the same transformation, shifting the momentum over time
to K = k − A(t )—the canonical crystal quasi-momentum,
which is a constant of motion—giving rise to a shifted Bril-
louin zone, denoted BZ. More formally, by applying the
substitution am(k, t ) = eA(t )·∇K bm(K, t ), one finds that

ḃm(K, t ) = −i[εm(K + A(t )) + E(t ) · ξm(K + A(t ))]bm(K, t )

− iE(t ) ·
∑
m′ 	=m

dmm′ (K + A(t )) bm′ (K, t ). (22)

We then transform the transition amplitude bm to the
density matrix operator ρ̂, i.e., the population nm = ρmm

and coherence π = ρcv , given explicitly by nm(K, t ) =
b∗

m(K, t )bm(K, t ), and π (K, t ) = bc(K, t )b∗
v (K, t ). Thus, this

leads to the SBEs, which describe the laser-electron interac-
tion in the lattice [24] in terms of the band population and
coherence:

ṅm(K, t ) = i(−1)mE(t ) · d∗
cv (K + A(t )) π (K, t ) + c.c.,

(23)

π̇ (K, t ) = − i

[
εg(K + A(t )) + E(t ) · ξg(K + A(t )) − i

1

T2

]
π (K, t )

− iE(t ) · dcv (K + A(t )) w(K, t ). (24)
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Here εg(k) = εc(k) − εv (k) is the energy gap between the
conduction and valence bands, as a function of the crys-
tal momentum k, ξg(k) = ξc(k) − ξv (k) is the difference in
the Berry connection between the conduction and valence
bands, and the sign (−1)m takes the values (−1)c = 1 and
(−1)v = −1. We also introduce a phenomenological dephas-
ing term written in terms of the dephasing time T2 [19].
Finally, w(k, t ) = nv (k, t ) − nc(k, t ) denotes the momentum
and time dependence of the population difference between the
valence- and conduction-band or inversion population.

In our calculations, we describe the driving laser using the
vector potential

A(t ) = E0

ω0
f (t )

(
1√

1 + ε2
cos(ω0(t − t0)) ex

+ ε√
1 + ε2

sin(ω0(t − t0)) ey

)
, (25)

where E0 is the laser field strength, ω0 is the central pho-
ton frequency, and f (t ) is the laser-pulse envelope, given
by f (t ) = exp[(t − t0)2/(2σ 2)], where σ is the pulse width.
Here ε denotes the ellipticity of the laser, given by ε = −1
(+1) for right-handed (left-handed) circularly polarized laser
fields, abbreviated RCP (LCP), respectively, and by ε = 0 for
linearly polarized laser drivers. The electric field is given by
E(t ) = −∂t A(t ).

We numerically solve the SBEs described by Eqs. (23)
and (24) with a 5th-order Runge-Kutta scheme implemented
in C++, using the Message Passing Interface (MPI) for par-
allelization. Additionally, we validate our numerical findings
in C++ by comparing our numerical outcomes with the nu-
merical solution obtained by the built-in solvers on Wolfram
Mathematica. We find very good agreement between the
C++ and Mathematica results.

B. Microscopic currents

The HHG spectra are obtained by Fourier analyzing micro-
scopic charge currents induced by the driving laser pulse. Here
we derive the total microscopic current J(t ) = Jra (t ) + Jer (t ),
by focusing on its two components: the intraband Jra (t ) and
the interband Jer (t ) currents [18,19].

1. Interband current

We start by writing the interband current Jer (t ) = d
dt Per (t )

in terms of the polarization

Per (t ) ≡ e〈�(t )|x|�(t )〉

= e
∫

BZ
dk′

∫
BZ

dk ac(k′, t ) a∗
v (k, t )

× 〈�v,k′ |x|�c,k〉+ c.c., (26)

where e = −1 a.u. is the electron charge. Next, using the
identities above, the current simplifies to

Jer (t ) = e
d

dt

∫
BZ

d∗
cv (K + A(t ))π (K, t ) d2K + c.c., (27)

indexed by the constant canonical crystal quasimomentum K.
This result coincides with the ones found by Vampa et al. in
Ref. [67].

2. Intraband current

We write the intraband current, defined as Jra (t ) =
e
∑

m〈�(t )|vm|�(t )〉, in terms of the intraband velocity
operator vm = −i [xm, H0] − i [xm, xm · E(t )]. We use the
electromagnetic length gauge with the single-active-electron
Hamiltonian and the dipole approximation of the laser-crystal
system, i.e., H (t ) = H0 + x · E(t ). For simplicity, our deriva-
tion is focused on the conduction band m = c of the intraband
current, which reads

Jra (t ) = e
∫

dk′
∫

dk a∗
c,k′ (t )ac,k(t ) 〈�c,k′ |xc|�c,k〉εc(k)

+ (c → v)

= e
∫

dk′ [nc(k′, t ) vc(k′) + nv (k′, t ) vv (k′)]. (28)

Here, vc(k) = vgr,c(k) + va,c(k) is written in terms of the
group velocity vgr,c(k) = ∇kεc(k), and the anomalous veloc-
ity va,c(k) = −E(t ) × �c(k), where �m(k) = ∇k × ξm(k) is
the Berry curvature. The anomalous-velocity term comes from
considering that the intraband component x( j)

m of the position
operator does not commute with x(i)

m component, with i, j =
x, y for 2D [62]. This intraband current also can be expressed
on the shifted Brillouin zone BZ, as

Jra (t ) = e
∑

m

∫
BZ

vm(K + A(t ))nm(K, t ) d2K. (29)

To calculate the HHG spectrum from a crystal, we have to
evaluate Eqs. (27) and (29). Hence, our main task in the
following will be to compute the coherence π (k, t ) and the
occupations nm(k, t ), which are related to the transition am-
plitude am(k, t ). In our numerical calculations, we determine
the radiated power of each harmonic frequency by coherently
superposing the time derivatives of the intra- and interband
currents and then taking the squared modulus of its Fourier
transform, i.e., IHHG(ω) = ω2|FT[ Jer (t ) + Jra (t ) ]|2.

V. KELDYSH APPROXIMATION AND
QUASICLASSICAL ANALYSIS

We may gain more insight into the physics of HHG by ap-
plying the so-called Keldysh approximation, as discussed for
instance by Vampa et al. [67]. This approximation in a crystal
solid reads w(k, t ) = nv (k, t ) − nc(k, t ) ≈ 1. Essentially, this
means that the population transferred to the conduction band
is very small compared to that remaining in the valence band.
This approximation is very similar, but never equal, to the
one used in the strong field approximation (SFA), developed
originally for atoms and molecules [13–15]—we will thus
term it SFA in the following. We focus on the discussion of
the interband current in this section.

A. Interband current

In this approximation, Eq. (23) decouples from Eq. (24),
and we obtain a closed expression for the ith vectorial
component (i = x, y) for 2D materials of the interband

134115-7



ALEXIS CHACÓN et al. PHYSICAL REVIEW B 102, 134115 (2020)

current,

J (i)
er (t ) = −i

∑
j

d

dt

∫ t

t0

dt ′
∫

BZ
d2K d (i)

cv (K + A(t ))

× d ( j)
cv (K + A(t ′))E ( j)(t ′)

× e−iS(K,t,t ′ )−(t−t ′ )/T2 + c.c., (30)

where S(K, t, t ′) is the so-called quasiclassical action for the
electron-hole, which is defined as

S(K, t, t ′) =
∫ t

t ′
[εg(K + A(t ′′)) + E(t ′′) · ξg(K + A(t ′′))]dt ′′.

(31)

Here, j = x, y indicates the component of the electric field and
transition-dipole product which depends on the polarization of
the driving laser.

This integral form of the interband current has a nice phys-
ical interpretation in terms of the electron-hole (e-h) pair:

(i) At time t ′, the e-h pair is excited by the driving
laser from the valence band to the conduction band through
the dipolar interaction E(t ′) · dcv (K + A(t ′)) at the canonical
crystal quasimomentum K.

(ii) The e-h pair propagates in the conduction band and
valence band, respectively, between t ′ and t , and modifies their
trajectories and energies according to Eq. (37) below.

(iii) At time t , the electron has a probability to recombine
(or annihilate) with the hole, at which point it emits its excess
energy as a high energy-photon.

The expressions Eqs. (30) and (31) are the direct analogues
of the Landau-Dykhne formula for HHG in atoms, derived in
Ref. [15], following the idea of the simple man’s model [14]
(see also Ref. [13] for a recent review). Below we will analyze
these expressions using the saddle-point approximation over
crystal momentum to derive the effects of the Berry curvature
on the relevant trajectories.

1. Bloch wave gauge invariance: Quasiclassical action

Before turning to the quasiclassical analysis, let us first
demonstrate that the expression for the interband current
Eq. (30), together with the action Eq. (31), is gauge invariant
under the Bloch wave function transformation (BWT). This
refers to the phase freedom of the band eigenstates |um,k〉,
whose phases can be chosen independently of each other. As
such, a local phase change of the form

|um,k〉 → |ũm,k〉 = e−iϕm (k)|um,k〉 (32)

should leave the physics unchanged. However, this is not that
simple, as multiple relevant quantities change in response to
such a BWT. Most notably, the off-diagonal matrix elements
d (i)

cv (k) = |d (i)
cv (k)|e−iφ(i)

cv (k) (i = x, y) of the dipole moment,

d̃cv (k) = eiϕc (k)dcv (k)e−iϕv (k), (33)

acquire a nontrivial phase shift,

φ̃(i)
cv (k) = φ(i)

cv (k) − ϕg(k), (34)

for ϕg(k) = ϕc(k) − ϕv (k), while the diagonal elements—the
Berry connection, ξm(k) = dmm(k)—shift by the gradient of

the phase function

ξ̃m(k) = ξm(k) + ∇kϕm(k). (35)

The Berry curvature �m(k) = ∇k × ξm(k), of course, is not
affected.

Since our expressions Eqs. (30) and (31) for the interband
current depend explicitly on these gauge-dependent quan-
tities, we are obliged to confirm that the current itself (a
physical observable) is not affected by the transformation, as
well as to examine the transformation properties of the inter-
nal components of those expressions. To do this, we rewrite
the expressions above by explicitly taking into account the
phases of the transition dipole moment,

J (i)
er (t ) = −i

∑
j

d

dt

∫ t

t0

dt ′
∫

BZ
d2K

∣∣d (i)
cv (K + A(t ))

∣∣
× ∣∣d ( j)

cv (K + A(t ′))
∣∣E ( j)(t ′)

× e−iS(K,t,t ′ )−(t−t ′ )/T2+i(φ( j)
cv (K,t )−φ(i)

cv (K,t )) + c.c.,
(36)

where the action is “corrected” S̃( j)(K, t, t ′) by the time-
dependent dipole phases as

S̃( j)(K, t, t ′) =
∫ t

t ′

[
εg(K+A(t ′′)) + E(t ′′) · ξg(K+A(t ′′))

− d

dt ′′ φ
( j)
cv (K + A(t ′′))

]
dt ′′. (37)

Here j = x, y determines the component of the dipole moment
whose phase gets incorporated into the action, determined
in part by the polarization of the driving laser. Thus, it is
important to note that for nontrivial 2D polarizations this
action can split into several (though related) versions, each for
a different component of the transition. Note that the dipole
phase in the action has the same index as the electric field j.
The additional term φ

( j)
cv (t ) − φ(i)

cv (t ) only contributes in the
perpendicular-emission configuration i 	= j, if one assumes
the laser field is linearly polarized along the x direction.

The total action S̃ can be written as

S̃( j)(K, t, t ′) =
∫ t

t ′

[
ε̃g(K + A(t ′′)) + E(t ′′) · ξ̃g(K + A(t ′′))

− d

dt ′′ φ̃
( j)
cv (K + A(t ′′))

]
dt ′′, (38)

where ε̃g = εg is gauge invariant, but ξ̃g and φ̃
( j)
cv are not.

However, we can use the transformation rules Eqs. (34) and
(35), for the dipole phase and the Berry connection:

S̃( j)(K, t, t ′) =
∫ t

t ′

[
εg + E(t ′′) · (ξg + ∇Kϕg)

− d

dt ′′
(
φ( j)

cv − ϕg
)]

dt ′′. (39)

(For simplicity, we have dropped the dependence on the vari-
able K + A(t ) here.) Moreover, by using the attribute that for
any function f (K + A(t )),

d

dt
f (K + A(t )) = −E(t ) · ∇K f (K + A(t )), (40)
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as well as the property ∇k = ∇K [5], we have(
E(t ′′) · ∇K + d

dt ′′

)
ϕg = 0, (41)

which leads finally to the relation

S̃( j)(K, t, t ′) =
∫ t

t ′

[
εg + E(t ′′) · ξg − d

dt ′′ φ
( j)
cv

]
dt ′′.

Since this expression is equal to Eq. (37), we find that
S̃( j)(K, t, t ′) is thus Bloch-gauge invariant. Both the HHG
spectrum and the currents, as physical observables, should
be gauge-invariant quantities. Our analysis shows that this is
indeed the case in our theoretical model, even in the presence
of a nontrivial Berry connection.

In addition, we can also rewrite the semiclassical action as

S̃( j)(K, t, t ′) =
∫ t

t ′

[
εg(K+A(t ′′)) + E(t ′′)·(ξg(K+A(t ′′))

+ ∇Kφ( j)
cv (K + A(t ′′))

)]
dt ′′, (42)

by explicitly calculating the time derivative of the dipole
phase, d

dt ′′ φ
( j)
cv , to bring to the front the explicit factor of the

electric field, E(t ′′). Here the action phase includes geometric
and topological properties, such as the Berry connection and
the dipole phase φ

( j)
vc (k). Given this form, it is probable that

the electron-hole pair trajectories will be modified by these
geometric properties, thereby affecting the non-linear HHG
process. The total phase of Eq. (36) has an extra dipole-
phase contribution, φ(i)

cv − φ
( j)
cv regarding the “perpendicular”

interband current to the electric field. From the phase trans-
formation given by Eq. (34), this phase difference term is also
gauge invariant.

B. Quasiclassical approach and electron-hole pair trajectories

Assuming that the exponentiated quasiclassical action
e−iS = e−iS(K,t,t ′ ) oscillates rapidly as a function of the crystal
momentum K, one can apply the saddle-point approximation
to find the points Ks where the integrand’s contributions to the
interband current Eq. (36) concentrate. These are solutions of
the saddle-point equation ∇KS(K, t, t ′)|Ks = 0, which can be
rephrased as

�xc(Ks, t, t ′) − �xv (Ks, t, t ′) = 0. (43)

From the last equation, two different trajectories are identified,
the first one related to the excited electron �xc(Ks, t, t ′) in the
conduction band and the second one regarding the trajectory
�xv (Ks, t, t ′), followed by the hole in the valence band. We
then obtain a general mth trajectory for the electron (m = c)
and hole (m = v), which reads

�xm(Ks, t, t ′) =
∫ t

t ′

[
vgr,m + E(t ′′) × �m

+ (E(t ′′)·∇K )

(
ξm+(−1)m 1

2
∇Kφ( j)

cv

)]
dt ′′,

(44)

where (−1)m is the alternating sign (−1)c = +1 and (−1)v =
−1, and the group velocity of the mth band is vgr,m = ∇Kεm.
Here we recognize the Berry curvature �m as well as the

anomalous velocity va,m, which are given by �m = ∇K × ξm
and va,m = E(t ) × �m, respectively, for the electron-hole tra-
jectories of Eq. (44). We can rewrite the previous expression
as

�xm(Ks, t, t ′)

=
∫ t

t ′

[
vgr,m + va,m − d

dt ′′

(
ξm+ (−1)m

2
∇Kφ( j)

cv

)]
dt ′′.

(45)

These electron-hole pair trajectories, together with the saddle-
point condition of Eq. (43), should produce complex-valued
solutions for Ks, as is the case for HHG of gases.

However, finding the solutions Ks is not a trivial task,
since it depends explicitly on the geometrical features, i.e., the
Berry curvature and connection, and the phase of the dipole
matrix elements. Moreover, this gets further complicated as
the eigenstates and eigenvalues that make up the energy bands
are expected to exhibit branch cuts and branch points connect-
ing the two bands [68,69]. Once the momentum is allowed to
take on complex values (as it does in complex band structure
theory [70]), this leads to a nontrivial geometrical problem
with a high dimensionality whose analysis requires detailed
attention.

Nevertheless, these saddle points Ks should have a com-
ponent perpendicular to the driving laser field E(t ) (for the
case of linear drivers), which appears as a consequence of
anomalous-velocity features and in particular of the Berry
curvature �m(k).

VI. HHG IN PRACTICE: THE ROLE OF INTER-
AND INTRABAND CURRENTS

Having developed the theory of HHG in topological solids
over the previous sections, we now turn to applying it to
some examples of topologically trivial and nontrivial systems.
In a semiconductor or insulator driven by midinfrared lasers
or THz sources, the harmonic emission is governed by the
coherent sum of the intraband Jra(t ) and interband Jer (t )
current oscillations J(t ) = Jra(t ) + Jer (t ) [18,19] given above
by Eqs. (27) and (29). We stress, as mentioned previously,
that the interband current contains explicit information about
the Berry curvature through the cross product of the dipole
moments. This is important, since in 2D materials the integral
of the Berry curvature over the BZ is the topological invariant,
i.e., the Chern number. In Fig. 1(Y), we depict a cartoon of
the HHG physical process which takes place in topological
materials.

Via our quasiclassical saddle-point analysis we find the fol-
lowing: (1) The electron-hole pair is more likely to be excited
around the K ′ point than the � or K points, since the energy
gap is larger at those points compared to K ′ for this HM.
(2) The electron-hole pair is propagated by the driving laser
field along the path indicated with black dashed line of the BZ
emitting intraband harmonics in the process. This propagation
follows the laser vector potential in the momentum plane,
with the real-space motion (and thus the intraband current)
governed by the group velocity produced by the energy-band
dispersion as well as an anomalous velocity caused by the
Berry curvature. (3) Finally, the electron can recombine with
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FIG. 3. (a) Experimental [27] and (b) theoretical HHG spectra from an α-quartz crystal. Both the theoretical and experimental data are
averaged along the parallel and perpendicular harmonic emission with respect to a MIR 800 nm laser linearly polarized along the �-K crystal
orientation [cf. Fig. 1(b)]. (c) Parallel and (d) perpendicular harmonic emission from our α-quartz toy model, showing the interband (blue),
intraband (red), and total (green) currents. We use laser parameters following Ref. [27], with a wavelength λ0 = 800 nm giving a central
frequency ω0 = 0.056 a.u. (1.53 eV), FWHM duration of ten cycles under a Gaussian envelope, and peak intensity of I0 = 3.2 × 1012 W/cm2.
We use a honeycomb lattice with lattice constant a0 ∼ 4.8 Å, NN hopping t1 = 2.1 eV, NNN hopping amplitude t2 = 0.36 eV with magnetic
flux φ0 = 0, and staggering potential M = 4.5 eV, with a band gap Eg ∼ 9 eV, and a dephasing time of T2 = 220 a.u. = 5.3 fs.

its hole and release its energy as a photon. This interband
emission carries traces of the topological features of the mate-
rial via Berry-curvature contributions to the action, which are
accrued in the continuum traversal as well as via the dipole
matrix elements that mediate the transition.

We start by comparing our theory to the results of the
recent HHG experiment of Luu and Wörner [27] on α-quartz
(SiO2). Since a cut along the z direction of this crystal has an
approximate honeycomb lattice structure, we use the trivial
limit of the HM to validate our theory. Due to the breaking of
IS in α-quartz, the HHG spectrum contains even HOs, shown
in Fig. 3(a), mainly along the perpendicular emission config-
uration. As we detail below, our simulations show that the
interband contribution has a larger magnitude than the intra-
band current. Generally, the experimental features of Ref. [27]
are qualitatively reproduced by our theory [see Fig. 3(b)];
moreover, this approach qualitatively agrees with Liu et al.’s
experiment reported for MoS2 [26]. That said, it is important
to note that the calculations overestimate the intensity yield
for the HOs of the plateau.

The discrepancy between theory and experiment is related
to the limitations of this toy model under the tight-binding
approach, which will not recreate the whole experimental
complexity for the following reasons: (i) the lattice crystal
is not a monolayer (the crystal thickness is 20 μm [27]),
(ii) the crystalline structure of the hexagonal 3D lattice of
SiO2 is much more complex than our simplified 2D lattice,
(iii) the possibility of higher conduction bands and lower
valence bands playing a role is not considered in our

approximations [71], and (iv) the propagation effects in the
20-μm-thick crystal can play a fundamental role [72]. How-
ever, despite this discrepancy, we believe that physical insight
can be extracted in terms of identifying dominant mechanisms
for the harmonic emission (intraband)—nonlinear Bloch os-
cillations of charge carriers [24], and (interband) electron-hole
recombination processes [19]—and their relative importance.

We now turn to the parallel and perpendicular components
of the harmonic emission when driven by a linearly polar-
ized laser, with respect to the driver’s polarization, which
we show in Figs. 3(c) and 3(d) broken out into the intra-
and interband components. First, our calculations show the
same qualitative features of the experiments [26,27]: odd and
even harmonics are emitted along the parallel and perpendic-
ular emission directions, respectively. Second, the interband
current dominates over the intraband one for both parallel
and perpendicular configurations, at least for these excitation
conditions, and with the usual caveats regarding the nontrivial
coupling between the two components [24]. This implies that
a recollision mechanism is likely to be at play in a system
where the IS is broken. We also note that along the perpen-
dicular emission, HHG shows only even harmonics for the
intraband analysis exhibiting dominant behavior for largest
HOs. We believe that the appearance of even harmonics along
the perpendicular direction is not only a matter of intraband
or Berry-curvature effects: they are produced by the interband
process, due to a combination of the dipole phases, Berry
curvature, and Berry connection features. This explanation is
apparent both in our saddle-point arguments for the interband
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FIG. 4. High-order harmonics for trivial and nontrivial topological materials. We show the harmonic emission from equal band-gap
instances from the trivial and topological phases driven by lasers with (a) linear polarization along �-K and (b) right-circular polarization;
the violet areas indicate the difference in the emission between the two phases. We use t1 = 2.04 eV, t2 = t1/3 and M0 = 2.54 t2, with lattice
constant a0 = 1 Å, driven by a laser centered at 3.25 μm (ω0 = 0.014 a.u.) with a Gaussian envelope with 14-cycle FWHM and a peak
electric-field strength of E0 = 0.0045 a.u. (I0 = 7.0 × 1011 W/cm2), and we use a dephasing time of T2 = 5.2 fs. The magnetic flux of the
trivial and nontrivial phases, φ0 = 0.06 and φ0 = 1.16 rad, respectively, are chosen to give equal band gaps of Eg ≈ 3.0 eV.

mechanism above and the numerical calculations given here.
The HHG emission is not only the product of a single ef-
fective intraband contribution; both interband and intraband
mechanisms are present in the rich physics of this nonlinear
harmonic emission process.

Finally, as additional validation of our simulations, we have
studied the scaling of the harmonic cutoff with respect to
the driving-field amplitude, which we report below in Ap-
pendix B. As expected, the cutoff exhibits a linear scaling
in good agreement with previously obtained theoretical and
experimental results [18,22].

VII. SIGNATURES OF TOPOLOGICAL PHASES IN HHG

We now address the question of whether HHG is sensitive
to (i) different topological phases and (ii) topological transi-
tions. To this end, in Fig. 4 we show the calculated full HHG
radiation spectrum, IHHG(ω) = ω2(|Jx(ω)|2 + |Jy(ω)|2) pro-
duced by linearly polarized [Fig. 4(a)] and circularly polarized
[Fig. 4(b)] driving lasers, comparing instances from the trivial
and the topologically nontrivial phase at equal band gaps.
For a linearly polarized driving laser, the harmonic intensity
spectrum exhibits relatively small differences between the two
phases (though signatures of the topological phase do appear
in the polarization state of the harmonics [44]). In our results,
we observe an enhancement of about one order of magnitude
for even-order harmonics in the low spectral region, i.e., the
second, fourth, and sixth harmonics.

For a circularly polarized driver, on the other hand, shown
in Fig. 4(b), the spectra produced by the different topologi-
cal phases exhibit far greater differences, in particular: (1) a
considerable enhancement about four orders of magnitude in
plateau harmonics in the topological phase as compared with
the trivial phase, (2) a shorter cutoff for the topological emis-
sions in comparison to the trivial, and (3) an asymmetric yield
between the corotating (3n + 1) and contrarotating (3n + 2)
HOs in plateau harmonics. As such, it is clear that circularly
polarized drivers have significant potential in bringing out the
signatures of the topological phase in the harmonic spectrum
and we will focus on them for the rest of this work.

The circularly driven spectra of Fig. 4(b) are also notice-
ably different from the HHG spectra driven by linearly polar-
ized pulses, in that they exhibit a clear selection rule, where
harmonics of order 3n are forbidden and 3n ± 1 are allowed,
for an integer n. This selection rule is identical to that ob-
served in the well-known bicircular field configuration—two
counter-rotating circularly-polarized drivers at frequencies ω0

and 2ω0 [73]—and it stems from the same origin, a dynamical
symmetry of the system, which combines a rotation by 120◦
with a time delay [74]. This symmetry argument has been
applied in solids [55,75–78] but has also been applied to
molecules [79–81] and even plasmonic metamaterials [82].

In our case, however, the generating medium—the HM on
a hexagonal lattice—is symmetric under 120◦ rotations, but it
lacks reflection symmetry, which allows it to respond nontriv-
ially to the different helicities of circularly polarized driving
lasers. This is much like p states in noble-gas atoms [83,84]
and chiral molecules [85,86], which points to the CD of the
optical response (i.e., the difference in response to left- and
right-handed circularly polarized drivers) as a natural place to
look for signatures of the topological phase of the material.

VIII. CIRCULAR DICHROISM

As an initial test of this CD idea, we show in Figs. 5(a) and
5(b) the total harmonic spectra produced in topologically triv-
ial and nontrivial phases, respectively, when driven by RCP
and LCP (shown in blue and red, respectively) laser pulses.
The topologically nontrivial phase shows a distinct increase
in HO response of the form k = 3n + 1 (which corotates with
the driving laser due to the usual selection rules) when driven
by an RCP laser as compared with an LCP driver, while the
topologically trivial phase shows a small decrease in the emis-
sion of those harmonics. (In absolute terms, this combination
of laser helicities matches that of the next-nearest-neighbor
coupling t2eiφ0 , as shown in Fig. 1(c); if a negative φ0 is chosen
instead, the effect reverses direction.)

This observation indicates that, indeed, the CD of the
harmonic emission carries clear information about the topo-
logical phase performing the emission (the CD is invariant
under the electromagnetic minimum-coupling gauge), and we
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FIG. 5. Circular dichroism as a signature of topological phase transitions in HHG. (a), (b) Harmonic spectra of equal band-gap instances
from the trivial and the topological phase, respectively, driven by right- and left-circularly polarized lasers, with the difference between the
two emissions shaded in green. (We use the same parameters as in Fig. 3.) (c), (d) Circular dichroism (CD), as defined in Eq. (46), for the
magnetic-flux and staggering potential parameter scans marked with dashed lines in Fig. 1, for the plateau harmonics. The top horizontal axes
show the energy band gap Eg in atomic units (a.u.) as a function of φ0 (c) and M0/t2 (d), respectively. The trivial and topological regions are
shaded green and blue, with the critical region shaded red.

focus on it for the rest of this paper. We define, in particular,

CDk = I (+)
k,RCP − I (−)

k,LCP

I (+)
k,RCP + I (−)

k,LCP

, (46)

that is, the normalized difference in harmonic response driven
by left- and right-handed circularly polarized drivers, for HOs
k = 3n + 1. (For the counter-rotating harmonics k = 3n + 2,
the signs in the superscripts should be reversed.) Here the CD
is defined in terms of the circular components of the harmonic
emission, I (±)

k,ν
= (kω0)2|Jx,ν (kω0) ± iJy,ν (kω0)|2, Jx,ν and Jy,ν

denoting the x and y components of the spectral current driven
by a ν = RCP, LCP laser.

Our main result is shown in Figs. 5(c) and 5(d). These plot
the CD for the corotating plateau harmonics over the three
distinct topological phases of the Haldane phase diagram [see
Fig. 1(a)]. (i) in Fig. 5(c), we scan over φ0 with M0 constant
[see horizontal cut depicted in orange dashed line of Fig. 1(a)].
And (ii) in Fig. 5(d) at φ0 = π/2, we also scan the CD over
M0/t2 [vertical cut depicted in blue dashed line of Fig. 1(a)].
For case (i), we observe two clear topological-plateau struc-
tures in the circular dichroism with values of CD ≈ ∓1 for
the topological invariants C = ∓1, a clear topological-plateau
signature for the CD of the corotating harmonics. Particularly,
high oscillatory behavior is observed in the CD for the trivial
phase C = 0, which deviates from the robust CD topological-
plateau structure, once the topological phase boundary is

crossed. In short, the CD observable shows clear distinct char-
acteristics as a function of the Chern number C = −1, 0, +1.

In case (ii), while the CD ≈ +1 for C = +1, once the
topological phase boundary is crossed, the CD disappears
relatively quickly as M0/t2 increases. This effect can be under-
stood rather simply, since in the M0 � t2 limit, the material’s
Hamiltonian is dominated by the staggering potential M0,
which is reflection symmetric and does not support a CD re-
sponse. However, the most notable aspect of the CD spectra is
that it still exhibits clear variations depending on the topologi-
cal phase the system is in. This is true even for instances of the
HM which are equally chiral at the level of the Hamiltonian
(in the sense of having identical M0/t2 ratios). In other words,
the high-harmonic CD response shows a clear signature of the
topological phase of the system.

There is also a clear transition regime between the two
topological phases, shown shaded pink in Figs. 5(c) and 5(d),
where the CD (particularly in the M0/t2 scan) takes on irregu-
lar values. At the topological phase boundary the band gap
closes, as it must do whenever the Chern number changes
value, and at these points the material becomes a semimetal
with one exact graphenelike Dirac cone per BZ. In the critical
region around those points [see Fig. 1(Q)], the material is a
semiconductor with a negligible gap, and it is similarly per-
missive to nonadiabatic transitions. Within this critical region,
as in graphene [77], the lowered band gap produces a much
higher e-h population, which naturally raises the harmonic
emission. This is shown in Fig. 6, which displays the total
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FIG. 6. Variation of the harmonic spectrum for circularly-polarized drivers. (a), (b) Harmonic spectrum for the magnetic-flux parameter
scan indicated with the red dashed line in Fig. 1(a), driven by LCP and RCP light, respectively, with φ0 ranging over a 60-point scan of the
interval [0, π ] and the staggering potential held fixed at M0 = 2.54t2. At the critical region, where the band gap closes between the two phases
[as indicated in (c), which charts the band gap], the harmonic emission increases, as carrier creation is much easier. The signature of the
topological phase is in the circular dichroism [the difference between the RCP-driven signal in (b) and the LCP-driven signal in (a)], which
we plot in Fig. 5 for the harmonics in the green box. (d)–(e) Identical plots for the staggering-potential scan marked by the blue dashed line in
Fig. 1(a), varying M0/t2 at fixed magnetic flux of φ0 = π

2 . The (c) and (f) depict the band gaps, Eg, as a function of φ0 and M0/t2, respectively.

emission for both of the phase-space scans of Fig. 5 for each
of the driving helicities.

This enhanced emission acts naturally as a litmus test that
the topological phase boundary itself has been reached, to
complement the CD as a signature of which topological phase
the material is in. Moreover, the total-emission scans of Fig. 6
confirm that the features observed previously also hold more
broadly over the phase diagram: for one, the topologically
nontrivial phase shows a higher emissivity than the trivial
material, at similar band gaps [shown in Figs. 6(c) and 6(f)],
and, similarly, there are noticeable changes in the harmonic
cutoff as well.

IX. DEPHASING TIME IN THE HARMONIC EMISSION
FOR TOPOLOGICAL PHASES

It is also important to point out that the features previously
shown both in the harmonic intensity and the CD depend
(sometimes sensitively) on the dephasing time T2 in our cal-
culation; we now turn to examine this dependence. Since the
electron-hole trajectory mechanism is modified by the de-
phasing time, particularly for long trajectories, the harmonic
intensity, and from it the CD, inherit this effect, as expected
[19,22,67]. On the other hand, and somewhat surprisingly,
in the topological phase the CD is more robust against

dephasing than in the trivial phase, particularly for the k =
3n + 1 corotating harmonics, which again points to a clear
role of the material’s topology in its harmonic response, and
cements the interaction between the two as a clear target for
continued investigation.

We now study the role of the dephasing time T2 on the
CD for the trivial and topological phases. Figures 7(a) and
7(b) show the HHG spectra as a function of T2 for trivial
and nontrivial topological phases, respectively. The emitted
harmonic intensity is sensitive to the dephasing time, as shown
also in literature for linearly polarized lasers [67]. Here we
also observe sensitivity of the HHG emission yields with
respect to T2 for both trivial and topological phases. T2 usually
reduces the coherence of the occupations and therefore also
the electron-hole recombination mechanisms, more strongly
for long trajectories [67].

These effects also appear to take place in topological
phases under this simple two-band approximation, which
would lead to a potential dependence of the dichroism for the
different HOs. Additionally, we computed the HHG spectra
for the case T2 → ∞ (not shown, for simplicity), in which
case the harmonic plateau becomes extremely noisy, making
it impossible to extract any reliable insights from those simu-
lations. Similar features can be also noticed in the numerical
background noise of Fig. 7(b) as the dephasing time increases.
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FIG. 7. Role of the dephasing time in the high-harmonic emission and in its circular dichroism. (a), (b) High-harmonic generation spectra
for various dephasing times T2, for trivial and topological phases, respectively, driven by a right-circularly polarized laser. (c)–(f) Circular
dichroisms for 3n + 1 (corotating) and 3n + 2 (contrarotating) harmonic orders [(c)–(f), respectively], for trivial (c), (e) and topological (d), (f)
phases. The parameters for the material and the driving laser are the same as in Fig. 2 with a slightly altered peak field strength, E0 = 0.005 a.u.,
and pulse duration, Nc = 16.

For the trivial phase, Figs. 7(c) and 7(e) show the dichro-
ism as a function of T2 for 3n + 1 (corotating) and 3n + 2
(counter-rotating) HOs, respectively; we find a strong depen-
dence of the CD on the dephasing time for each individual
order. Nevertheless, when averaging the CD for corotating
orders over T2, it remains negative, providing a systematic
tendency around the plateau and, likely, the cutoff. In contrast,
for the counter-rotating orders, CD oscillates between positive
and negative values depending on lowest or highest region
of the spectrum. This behavior seems to be a natural conse-
quence of the complex relationship between the electron-hole
recombination mechanism, intraband and interband mecha-
nisms, and the T2.

In contrast, the corotating CD for the topological phase
shown in Fig. 7(d) is much more robust against T2, exhibit-
ing values around +1, most noticeably when HO > 4th. For
counter-rotating orders [see Fig. 7(f)], the CD describes simi-
lar features across the whole spectrum as in the trivial phase.
In that sense, the CD depends on the region of the harmonic
spectrum at play. These observations show that the CD is a
more robust quantity for the corotating than for the counter-

rotating HOs, which is our main reason for focusing on the
CD of the former in the previous section.

X. CONCLUSIONS AND OUTLOOK

In summary, our theory shows that the HHG spectrum is
(i) able to probe topological phase transitions, (ii), able to
test topological invariants by using the CD of the corotating
harmonics, and (iii) extremely sensitive to the breaking of
both time-reversal and inversion symmetries (TRS, IS, respec-
tively).

Our results are applicable to the HM, so they constitute
clear evidence that the HHG process can trace topological
phases and transitions in a topological Chern insulator. But
it is still necessary to explore other classes of Chern insulators
as well as topological insulators to confirm that this HHG-
circular dichroism observable is a broadly defined quantity to
map topological transitions. In particular, we show CD cal-
culations for the so-called Wilson mass model [87] (WMM),
which suggests that the results obtained by the HM are gen-
erally extended to Chern insulators. Since the main focus of
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this paper is on HM, we will show partially the regarding
evidences for WMM in Appendix A. The formulation of rela-
tivistic fermions in lattice gauge theories [88] is hampered by
the fundamental problem of species doubling [89,90], namely,
the rise of spurious fermions that modify the physics at long
wavelengths. To prevent the abundance of such fermion dou-
blings, a suitable tailoring of their masses is required, leading
to the so-called Wilson fermions [87]. The WMM with an in-
verted mass gives rise to a certain axion background [91–97],
and thus may help explain the lack of experiments confirming
the charge-parity violation in strong interactions (for quantum
simulations of this model, see Ref. [98]). When exposed to
ultraintense short laser pulses, the WMM shows similar be-
havior to the one we report here for the HM; these results
will be reported in a future publication. In that general sense,
our theory can be applied to a larger range of topological
materials with similar band-gap properties described in this
paper, as well as extended to THz sources [99]. Another pos-
sible application could be Bi2Se3, which is a good candidate
for topological insulators; possible layer-thick modifications
could be created in this material to control the topological
transition as in Ref. [100]. Also, THz sources should open
a path to access HHG in topological materials by pushing the
driving photon energy well below the band gap in two dif-
ferent topological orders; this would also raise new questions
about exploring the dynamics in strongly correlated systems
with spin-orbit couplings and degeneracies, in particular in
bilayer systems and twistronics [37,101–104].

Finally, it is important to note that all of these ideas can be
applied and tested in quantum simulators [105], in particular,
using ultracold atoms and lattice shaking [106], as well as
Rydberg atoms, polaritons, or circuit QED [107–112]. The
use of quantum simulators to study strong-field phenomena
is an emerging application of the former [113–115], and it is
naturally suited to the study of systems in ordered lattices,
so it should provide additional clarity to the role of material
topology in high-harmonic emission.

The data and code used in this paper have been deposited
in the GitHub public repository [116].
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APPENDIX A: HAMILTONIAN FOR THE
WILSON MASS MODEL

In the main text, we focused on the HM with IS breaking.
One question is, whether or not the observed CD produced by
HHG is model dependent. Here, we fully answer that question
by introducing the simplest square lattice with two localized
orbitals per atomic site (A and B) (WMM). The Hamiltonian
has IS PH0(k)P† = H0(−k), in which P defines the IS op-
erator for k → −k. Note, nevertheless, this WMM breaks the
TRS as well as HM does. The WMM Hamiltonian reads

H0(k) = � sin (kx a0)σ1 + � sin (ky a0)σ2

− {2t1[cos(a0 kx ) + cos(a0 ky)] + μ}σ3, (A1)

where � is the hopping parameter between A and B. This
denotes the overlap integral of the two NNs with localized
states A and B, which in principle can be purely imaginary.
Here μ is the relative on-site potential between states A and B
of the square Wilson lattice. The lattice constant is a0 and t1 is
the hopping parameter of the same two-consecutive-localized
states A − A or B − B at the square lattice. We define the
so-called Wilson mass M term [87,94] by μ = 2t1M and
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FIG. 8. High harmonics and circular dichroism from Wilson Mass Model for trivial, topological phases and transitions. (a) Total high-
harmonic generation emissions for trivial (blue) and topological (red with violet shadow) phases. The Wilson mass model (WMM) parameters
of lattice constant a0 = 3.33 a.u. and others for trivial, C = 0 (topological, C = +1) phase are hopping parameter t1 = 0.021 a.u. (0.034 a.u.)
with Wilson mass term M = 10

3 , ( 6
5 ) and hopping δ0 = 0.0434 (0.0723). Those WMM parameters produce equal band gaps of Eg ≈ 3.0 eV

for trivial and the topological phases. (b) Depicts the topological phase transition for corotating harmonic orders (3n + 1) by the normalized
circular dichroism (CD) as a function of M at a fixed hopping parameter of t1 = 0.034 a.u. The top horizontal axis points to the energy gap Eg

(atomic units are used) as a function of M. The CD shows two different plateaus of CD ≈ +1 and CD ≈ −1 for, respectively, the topological
invariants C = +1 and C = −1. On the contrary, for regions where the Chern number C = 0, the CD is oscillating. The latter observations are
absolutely consistent with the results provided by Haldane model in Fig. 5(c). The laser parameters are the same as in Fig. 5.

rescale � = 2t1δ0 by δ0. Here, M and δ0 are adimensional
parameters which control the topological phases with C = ±1
and C = 0. The calculated high-harmonic spectrum for
left and right circularly polarized laser-lights are shown
in Fig. 8(a) for two different topological phases, trivial
C = 0 and topological C = +1, respectively. We observe a
predominant behavior of the harmonic nonlinear responses
from the topological phase, a clear enhancement (two or
three orders of magnitude across the harmonic-plateau) and
a harmonic cutoff shift too. Finally, we report in Fig. 8(b)
calculations of the CD as a function of the mass M in
which three distinct topological phases exist, as well as
phase transitions. The CD has values of CD ≈ ±1 for the
topological invariants C = ±1, and CD oscillates for the
trivial phase. The latter observations denote three different
topological structures for the CD in the three corresponding
topological phases. These CD results produced by HHG in the
Wilson mass model are clearly consistent with the evidences
obtained from HM. Hence, we can conclude that the circular
dichroism is a general tool which can map topological phases
and transitions in Chern insulators.

APPENDIX B: LINEAR FIELD SCALING
OF THE HIGH HARMONIC CUT-OFF

To validate our theoretical model and numerical variable-
gauge methods, we investigate how the HHG emission cutoffs

for the total intraband and interband contributions behave as
a function of the laser field strengths, for both trivial and
topological phases.

Figures 9(a) and 9(b) show the results for the total har-
monic emission IHHG(ω) = ω2[|J (x)(ω)|2 + |J (y)(ω)|2] of the
trivial and nontrivial topological phases. First, we see a clear
linear cutoff in terms of the laser strength for the topological
trivial case. This tendency is in very good agreement with
the pioneering experimental observation of Ref. [18] and the
theoretical confirmation by Vampa et al. in Refs. [22,67]. In
the case of the topological phase, we observe a linear cutoff
scaling as a function of the laser field strength, similar to the
trivial one.

We also depict, in Figs. 9(c) and 9(d), the corresponding
intraband harmonic emissions for trivial and nontrivial phases,
via the group and anomalous velocity emissions. We find
that the intraband case for the topological emission seems to
exhibit a much larger intensity yield than the trivial phase
(though the coupling between the two also needs to be con-
sidered in more detail [24]).

In contrast, Figs. 9(e) and 9(f) show that, for our excita-
tion conditions, the interband contributions for the trivial and
topological phases dominate around the plateau and cutoff in
comparison to intraband emissions. One therefore needs to
carefully consider and analyze the interband mechanism for
high nonlinear emission, i.e., HO > 5th, and not uniquely the
intraband mechanism.
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FIG. 9. Trivial and topological high harmonic cutoff law for linear polarized driving fields. Total HHG emissions for trivial and topological
phases, with the same HM parameters than those used in Fig. 2, as a function of the laser field strength E0 are depicted in (a) and (b),
respectively. (c), (e) The decomposition of the total harmonic emission for the intraband and interband current emissions of the trivial phase,
respectively. (d), (f) The intraband and interband current emissions for the topological phase. Green lines mimic the linear cutoff for both trivial
and topological phases. The laser field for these HHG calculations is linearly polarized along the K′ − � − K direction of the honeycomb
hexagonal lattice.
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