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Abstract
We present a numerical experiment that demonstrates the possibility to capture topological
phase transitions via an x-ray absorption spectroscopy scheme. We consider a Chern insulator
whose topological phase is tuned via a second-order hopping. We perform time-dynamics
simulations of the out-of-equilibrium laser-driven electron motion that enables us to model a
realistic attosecond spectroscopy scheme. In particular, we use an ultrafast scheme with a
circularly polarized IR pump pulse and an attosecond x-ray probe pulse. A laser-induced
dichroism-type spectrum shows a clear signature of the topological phase transition. We are able
to connect these signatures with the Berry structure of the system. This work extend the
applications of attosecond absorption spectroscopy to systems presenting a non-trivial
topological phase.
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1. Introduction

Topological states of matter permit the possibility to create
materials that are insulators within the bulk, but they hold
conducting states on the surface, known as edge states. Edge
states are symmetry protected by the intrinsic properties of
the bulk, providing a new landscape for developing unique
optoelectronics applications with no precedence. In the last
years, it has been enormous progress in the development of
these modern materials, such as topological insulators [1, 2].
Interestingly, with the advent of ultrashort intense lasers, some
materials that are topologically trivial insulators in equilibrium
can be driven out of equilibrium into topologically non-trivial
insulators [3–9]. Those light-induced topological insulators,
also known as Floquet topological insulators, only live during
the laser pulse length, that is only around several femtoseconds
(10−15 s). Generating topological states of matter is as import-
ant as characterizing them [10]. In equilibrium, detecting if
an insulator is topologically trivial or not trivial is possible
by measuring the energy bands of the edge states via angle-
resolved photoemission spectroscopy (ARPES) [2, 11, 12].
Characterizing Floquet topological insulators is much more
challenging, as we need an ultrafast probe in the femtosecond
timescale in order to capture the ultrafast topological phases.
One possibility is performing time-resolved ARPES and fol-
low the edge-state energy bands in time [11, 13, 14] or spin-
resolved ARPES [12, 15, 16]. However, the use of photoelec-
tron spectroscopy techniques in the ultrafast regime have the
drawback that reducing the probe pulse length decreases the
photoelectron energy resolution. Additionally, if the system
under investigation is interacting with a moderate intense IR
pulse that drives the system out of equilibrium, the photo-
electron spectrum becomes hard to interpret due to the laser
effects on the ejected electron [17–19]. Another possibility is
the use of high-order harmonic generation (HHG) [20]. HHG
is an extreme non-linear process in which several IR photons
of the driving laser are absorbed and emitted by the mater-
ial in the form of a high-frequency photon. Recent theoretical
developments have shown that HHG is sensitive to the Berry
curvature of the system [21–23], and the measurement of
topological phases has been demonstrated [7, 24–30]. Despite
the enormous progress in the last years, resolving ultrafast
topological phases in periodic systems are far from being
resolved.

Here, we present a complementary scheme to ARPES that
enables us to directly measure the topological phase by using
x-ray attosecond absorption spectroscopy. This scheme relies
on a dispersive absorption measurement, which it is suitable
for ultrashort probe pulses as the energy resolution is not
diminished by the probe pulse length [31]. Attosecond absorp-
tion spectroscopy has been successfully applied in different

bulk and thin materials, from insulators to semimetals, to
investigate carrier dynamics, phononic effects, and excitonic
interactions [32–39]. In this work, we extend the application
of attosecond absorption spectroscopy to probing topological
phase transitions.

The absorption of an attosecond pulse occurs in a very
short timescale, in which the dynamics are dominated by
the electron response. The induced electron motion is there-
fore much faster than the nuclei motion, and we may con-
sider neglecting the coupling with phonons at such times-
cale. We can then conceive experiments that take advant-
age of the coherent electron dynamics [40–42]. In a previ-
ous work [43], we demonstrated that the attosecond absorp-
tion is very sensitive to Van Hove singularities, and it is pos-
sible to extract information around these points, not only of the
energy-dispersion structure, but also of the Berry structure. By
performing numerical simulations with a recently developed
approach to describe the electron dynamics out of equilibrium,
the EDUS code [44], we show here that attosecond absorp-
tion spectroscopy can indeed capture topological phase trans-
itions. This work is based on a Chern insulator described by
a Haldane Hamiltonian [45], in which we control the topo-
logical phase by changing a second-order hopping. We cor-
relate the features of the absorption to the laser-driven coher-
ent electron dynamics by using a semiclassical approach [43,
46, 47]. This enables us to get a further insight of the effects
of the Berry structure on the absorption spectrum around
van Hove singularities. Our numerical and theoretical study
opens the door to further investigations on relevant systems
for optoelectronics applications, such as topological or Floquet
insulators.

2. Ultrafast laser-induced x-ray dichroism

We aim at studying the signatures of electron dynamics on
the absorption of attosecond x-ray pulses for different topo-
logical phases. We start with a Haldane Hamiltonian [45] for a
tight-bindingmodel of boron-nitridemonolayer (hBN), and by
adding a second-order hopping that breaks time-reversal sym-
metry (TRS), we manipulate the topological phase, thus cre-
ating chiral edge states. Unlike Floquet insulators, the second-
order hopping (and the topological phase of the system) is well
defined in the Haldane Hamiltonian and does not depend on
the electric field. The system interacts with a linearly-polarized
x-ray pulse and a circularly-polarized intense IR pulse. The
Hamiltonian is expressed as H(t) = H0 +V(t), where H0 is
the Haldane Hamiltonian and V(t) is the light–matter inter-
action coupling. More details are given in appendix A, in the
supplemental material. From previous studies [43, 46, 47], we
know that the lineshape of an attosecond absorption spectrum
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Figure 1. Ultrafast x-ray scheme and system under investigation. (a) Two ultrashort laser pulses, separated by a time delay, interact with a
boron nitride monolayer. The pump pulse is in the range of mid IR and is circularly polarized, and it is intense in order to drive a strong
intra-band current. The probe pulse is in the range of soft x-rays and is linearly polarized, and it excites transitions from the K-edge of
boron. (b) Graphical representation of the first (γ) and second order hopping (t2e±iϕ0 ) terms between different lattice sites. (c), (d) and (e)
represent the energy dispersion of the system. The red and blue arrows represent the IR and x-ray transitions, respectively. The IR pulse
couples the conduction and valence bands, while the x-ray pulse couples the core band (1 s orbital of boron) with the bands around the
Fermi level. The second-order hopping t2 controls the topological phase, which depends on the parameter ts =∆/6

√
3, being ∆ the gap of

the system without second-order hopping. (c) and (e) are insulators with a trivial and non-trivial topology, respectively, and their direct
bandgap is the same. In (d) the conduction and valence bands join at the K point.

is modified by the laser-driven electron dynamics, particu-
larly at the energies corresponding with van Hove singular-
ities. Importantly, the energy and Berry structure of those
points are sensitive to the topological phase. This inspires
us to use a laser-induced x-ray dichroism scheme as the one
illustrated in figure 1. The IR pulses induces strong intra-
band currents, making electrons to follow circular trajector-
ies. By changing the polarization handedness, and observing
the difference in the absorption lineshape, i.e. a dichroism-type
absorption spectrum, we infer information of the Berry struc-
ture (connected with the topological phase). This is because
left-handed and right-handed laser-driven trajectories are not
so different in energy, overall, but they are with respect to the

Berry structure due to the second-order hopping, see the illus-
tration in figure 1(b), as we show in the following.

In the Haldane Hamiltonian, when the second-order hop-
ping is t2 = ts =∆/6

√
3, being ∆ the gap of the system

without second-order hopping, the conduction and valence
bands join at the K points, as illustrated in figure 1(d). For lar-
ger (smaller) hopping, the gap opens, and the system presents a
non-trivial (trivial) topology. The x-ray pulse mainly promotes
core electrons from the boron site to the conduction band, as
the valence band is fully occupied before the arrival of the IR
pulse. The attosecond x-ray pulse of 188 eV photon energy
is linearly polarized, with a small intensity to ensure a first-
order perturbation excitation. The polarization is out-of-plane
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Figure 2. Laser-induced x-ray absorption dichroism for different
topological phases (a) t2 = 1

2 ts, (b) t2 =
3
4 ts, (c) t2 =

5
4 ts, and (d)

t2 = 3
2 ts. The changes are localized around van Hove singularities

(K, K’, M’, and Γ points). ∆A expressed in percentage indicates the
difference of absorption intensity normalized with respect to the
maximum absorption calculated without the presence of the IR
pulse.

in order to couple the 1 s-2p transitions. The pulse length is
80-as and an intensity of 1010 Wcm−2, short enough in order
that the bandwidth, with a full-width half-maximum (FWHM)
of 188 as, covers the energy bands around the Fermi level.
Core electrons are further driven along the conduction band
in the presence of the IR pulse before the core-hole relaxa-
tion that occurs approximately in 6.91 fs, translated to a decay
width Γch = 0.095 eV. In this short timescale, the electron
dynamics is coherent and the accumulated dynamical phase
is imprinted in the attosecond absorption spectrum [43]. The
IR pulse of 0.41 eV photon energy (3000-nm wavelength and
period of T∼ 10 fs) is circularly polarized, with an intensity
of 1011 W/cm−2, and a pulse duration of 7 cycles, with an
envelope modeled by a sin2 profile. Note that the time delay
between both pulses are taken with respect to the maxima of
each pulse envelope. Therefore, a negative time delay means
that the probe maximum arrives to the system before the pump
maximum.

The out-of-equilibrium dynamics induced by the lasers is
calculated using our EDUS code [44]. From the calculated
electron dynamics, we obtain the polarization of the system
in time, and from this one we obtain the absorption of the
system. The laser-induced x-ray absorption dichroism for dif-
ferent topological phases is shown in figure 2. This has been
calculated, for a fixed time delay (τd = 0.0 fs) between the
IR and the x-ray pulse, by computing the absorption spectrum
when the IR pulse is left-handed and right-handed circularly
polarized and then taking the difference between them. If the
system has no second-order hopping, i.e. t2 = 0, then there
is no dichroism signal. When t2 ̸= 0, the absorption dichro-
ism is localized around the van Hove singularities. We clearly
observe that the energies corresponding to the K, K’, and M’
points are those with stronger signal. TheM’ point is located in
different points of the reciprocal space depending on the topo-
logical phase, see figure 3. The M’ point coincides with the M

Figure 3. Energy dispersion of the conduction band for (a) t2 = 1
2 ts,

(b) t2 = 3
4 ts, (c) t2 =

5
4 ts, and (d) t2 = 3

2 ts. M’ is a saddle point and
changes with t2. Note that the energy color scale takes as a 0-eV
reference the K point, in which the direct gap is located for each
case.

point when there is no second-order hopping and represents a
saddle point. Note that the M’ points are between the K’ and
K points in the trivial phase, and between K and Γ points in
the topological phase.

When the system is a trivial or non-trivial insulator, the
lineshape of the absorption dichroism around the K point
is quite different, having a stronger oscillating structure that
gives rise to a positive and negative multipeak shape when the
system is a trivial insulator. The signal aroundM’ and K’ over-
lap, but in general do not show such strong variation when the
topology of the system changes. The energy positions of the
van Hove singularities change due to the second order hop-
ping, as the energy dispersion depends on t2, see figure 3.
Interestingly, in figure 2 we show two different examples, top
(for t2 = 1/2ts) and bottom (for t2 = 3/2ts) panel, in which the
energy gaps are the same, but still the calculated lineshapes
are very different when the system has a trivial or a topolo-
gical phase. Note that the signals are around 1%–4% units
of the maximum calculated absorption without the presence
of the IR pulse, so these changes are notable. We have also
explored different IR intensities. As higher the intensity, the
signal is higher and the oscillating structure extends in energy
(showing more modulations), but in general the same behavior
is observed around the K points during a topological phase
transition.
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In figure 2 we show two different examples, top and bot-
tom panel, in which the energy gaps are the same, but still
the calculated lineshapes are very different when the system
has a trivial or a topological phase. Note that the signals are
around 1%–4% units of the maximum calculated absorption
without the presence of the IR pulse, so these changes are not-
able. We have also explored different IR intensities. As higher
the intensity, the signal is higher and the multipeak structure
extends in energy (showing more modulations), but in general
the same behavior is observed around the K points during a
topological phase transition. The spectral resolution in atto-
second spectroscopy, see for example the experiment in [38],
could resolve the calculated lineshape changes of figure 2 for
different topological phases.

The laser-induced dichroism shown in figure 2 is for a fixed
time delay between the two laser pulses. We also explore dif-
ferent time delays τ , on which a negative value means that
the maximum of the probe pulse occurs before the maximum
of IR pump pulse. Thus, a zero time delay τ = 0 is under-
stood as the maxima of both pulses overlap. The ultrafast
laser-induced dichroism at different time delays is shown in
figure 4 for trivial and topological phases. The time-dependent
changes around the M’ and K’ points are located at different
energies when the system is trivial (t2 = ts/2) or topological
(t2 = 3ts/2). This is because of the difference in the energy
dispersion. However, the time-dependent changes are quite
similar. The time-dependent changes around the K point are
quite different for the two different phases though, the topo-
logical phase presents two (positive, red, and negative, blue)
clear peaks, while the trivial phase presents a higher mod-
ulation (multipeak structure). These changes are also influ-
enced by the Stark shift induced by the laser pulse and depends

on the IR intensity. We note that the excited-state fraction
by the IR pulse from the valence to the conduction band
is small, no more than 0.01%, and these excitations do not
contribute in the attosecond absorption spectrum, different to
other physical scenarios in which exciton interactions may
enhance the absorption in the valence region due to the x-ray
selectivity [51].

In conclusion, the used ultrafast scheme clearly shows a
signature when the topological phase changes. This scheme
provides a new physical insight at the attosecond timescale
in contrast with previous schemes using circularly polarized
pulses [6, 48–50].

In the next section, we analyze the absorption dichroism
using a semiclassical model that enables us to understand
the laser-induced lineshapes and correlate them to the Berry
structure.

3. Correlating the Berry structure with the
laser-induced dichroism

In our previous work [43], we developed a semiclassical
approach to calculate the attosecond absorption spectrum.
In this approach, the polarization of the system is calculated
by the sum of semiclassical electron trajectories driven by
the IR vector potential. The approach assumes that an elec-
tron starts in a particular k point of the conduction band,
i.e. the excitation by the attosecond pulse is sudden, and the
quasi-momentum evolves as K= k−A(t), where A(t) is the
vector potential of the IR pulse. Hence, the intra-band current
is described by the evolution of the quasi momentum, and
the contribution of the valence band is neglected. Along the
semiclassical trajectory, the electron acquires a phase given by

∆φ(t, t0,K) = i
ˆ t

t0

dt ′ [(ϵc (K+A(t ′))− ϵc (K))]+ i
ˆ t

t0

dt ′ [ΦS (K+A(t ′) , t ′)] (1)

where the dynamical, action Berry phase ΦS is ΦS(k, t) =
1
2εεεIR(t) · ∂kϕ(k)[cosθ(k)+ 1], being ϵc(k) the energy of the
conduction band, and the angles θ(k) and ϕ(k) are related
to the Berry structure of the system, see appendix A, in the
supplemental material. Note that the coherent phase mainly
depends on the conduction band and not at all on the core-

hole band ϵch(k). This is due to the fact that the core orbitals
are well localized and, therefore, the electronic structure is not
k dependent.

Once we calculate the phase for different tra-
jectories at different points of the reciprocal space,
then we calculate the polarization of the system as

P(t)∝
∑
K

[
|ξξξ20 (K+A(t))|
|ξξξ20 (K+A(t0))|

e−i(ϵch(K)−ϵc(K)−iΓch/2)(t−t0)+∆φ(t,t0,K) + c.c.

]
, (2)
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Figure 4. Laser-induced x-ray absorption dichroism for different
pump-probe time delays. (a) Scheme of the IR pumb pulse for right-
and left-handed polarized fields. Ultrafast laser-induced x-ray
dichroism for (b) a trivial, t2 = 1

2 ts, and (c) a topological, t2 = 3
2 ts,

phase. The density of states (DOS) is represented on the side.

where we sum over all the K points, and ξξξ20 is the inter-band
Berry connection matrix that couples the core and conduction
band, see more details in appendix B and C, in the supple-
mental material. The previous equation can be easily under-
stood as the sum of all the oscillating dipole terms in the recip-
rocal space, which deviates by a phase∆φ that arises from the
light-induced electron motion during the core-hole decay, rep-
resented by the width Γ ch.

Once we have the semiclassical polarization, equation (2),
we obtain from it the attosecond absorption spectrum [44],
both when the IR laser pulse is left-handed and right-handed
circularly polarized, and take the difference in order to
obtain the laser-induced absorption dichroism, see figure 6
for the case of a trivial and topological phase. The agreement
with the first-principle calculations obtained with EDUS, see
figures 6(a) and (b), is excellent. This simple semiclassical
model is then enough to describe the observed features of
the dichroism spectrum. The advantage of the semiclassical
approach is that it enables us to distinguish the effects of the
energy and the Berry structure of the system. We compute the
laser-induced absorption dichroism, but now by not includ-
ing the dynamical Berry phase in the accumulated phase of
equation (1), see the black line in figures 6(c) and (d). We also

Figure 5. Berry curvature of the conduction band for (a) trivial,
t2 = 1

2 ts and (b) topological, t2 = 3
2 ts phases. On the top of each

other, we represent one trajectory in reciprocal space followed by an
electron that recombines when the distance between the
electron–hole pair ∆R is zero. The colormap represents the distance
|∆R|, see equation (3).

note that if the band gap is very small, then the promotion of
electrons from the valence to the conduction band may play an
important role in the absorption spectrum. In this scenario, our
semiclassical theory would not be valid as we need to account
for these excitations and Pauli blocking effects [43].

The latter calculations show that the dichroism features
around the K point are mainly because of the Berry structure of
the material. The accumulated energy phase is very similar for
left-handed and right-handed circular polarization. This phase
induces an energy shift towards higher energies. The accumu-
lated action Berry phase changes sign due to the handedness
of the polarization. The part of the dynamical Berry phase
that depends on the angle θ changes the sign for the topolo-
gical case compared with the trivial case, see equations (1)
and (2) in the supplemental material. This change of sign has
consequences when is added to the other phase terms. In the
topological phase, the dynamical Berry phase is comparable to
the energy phase and results in the two well-separated (posit-
ive and negative) peaks, figure 6(d), while for the trivial phase,
the Berry phase is weak and results in a fine structure that gives
rise to a negative and positive multipeak shape, figure 6(c). We
also note changes due to the dynamical Berry phase around the
K’, see figures 6(c) and (d). Those features overlap with the
spectral features arisen from the M’ points, which are mainly
dominated by the energy dispersion term.

We can get a different point of view by relating the dynam-
ical Berry phase with the Berry curvature. If we assume a
closed electron trajectory, i.e. the electron is in the same
position in the reciprocal space at the initial time ti and at
the final time tf, then the accumulated dynamical phase is´ tf
ti
dt ′[ΦS(K+A(t ′), t ′)] =

´
∆S dS ·Ω(K), where ∆S is the
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Figure 6. Semiclassical approach for the laser-induced x-ray dichroism. (a), (b) Comparison of the laser-induced x-ray dichroism between
first-principle and semiclassical calculations for trivial t2 = 1

2 ts and topological t2 = 3
2 ts phases. (c), (d) The laser-induced x-ray dichroism

computed by the semiclassical approach with and without considering the Berry structure for trivial and topological phases. The red (black)
line is when energy and Berry phase are included (when energy is only included) in the accumulated dynamical phase, see equation (1).

area enclosed by the trajectory, S is a normal vector to the
area ∆S, and Ω(K) is the Berry curvature of the conduction
band. If the enclosed trajectory is small enough that the Berry
curvature is constant within the area, then one expects that the
accumulated phase is proportional to the Berry curvature. The
Berry curvature changes sign around the K point when there
is a topological phase transition, see figure 5.

Around the K’ and M’ points, we observe that both the
energy and the dynamical Berry phase play an important role.
The laser-driven electron trajectories perceive then a different
energy-dispersion landscape depending on the handedness of
the polarization, as it takes place around the M’ point, see the
energy dispersion represented in figure 3. Hence, the energy
dispersion has an important effect on the signal around the K’
and M’ energy points.

In conclusion, the semiclassical approach enables us to cor-
relate the changes in the absorption spectrum with the laser-
driven dynamics. This correlation allows us to understand the
observed features around the different van Hove singularities
as a function of the topological phase.

4. Saddle point approximation

To get a clear physical insight of the absorption spectrum
around the K point (van Hove singularity with stronger dif-
ferences under a phase transition), we have studied the nature
of different trajectories driven by the IR pulse in the frame-
work of the semiclassical approach, knowing that the polariza-
tion of the systemwould be given by P(ω) =

´∞
−∞ dte−iωtP(t).

Due to the nature of our specific pump-pulse scheme, it is pos-
sible to assume that the exponential action e−iS ≡ e−iS(k,t,t0)

(defined in detail and its connection to the polarization in the
appendix C, in the supplemental material) oscillates rapidly as
a function of the crystal momentum k, therefore, one can per-
form a saddle-point approximation (SPA) [52–55]. The SPA
has been applied to the Fourier transform of P(t) and sum of
the momentum, allowing us to construct a set of trajectories
that must fulfill two conditions simultaneously, one from the
Fourier transform (time) and one to specific momenta. The tra-
jectories in the reciprocal space that satisfy the conditions

∆R= rd (K, t, t0)−ααα(K)+ααα∥ (K−A(t)+A(t0)) = 0, (3)

ϵc (K)− ϵch (K)+εεεIR (t) ·
[
rd (K, t, t0)+ααα∥ (K−A(t)+A(t0))

]
= ω, (4)

hold the SPA. These expressions are similar to the ones
obtained in the study of the recollision model for HHG in
solids [56, 57], and can be interpreted as the sum of all the

trajectories that effectively contribute to the absorption spec-
trum. In this approximation, we are neglecting the effects of
the core-hole decay Γ ch. Also, it is more convenient to rewrite
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the dynamical action Berry phase equation (1) explicitly as
a function of the inter- and intra-band Berry connection mat-
rix elements to study the contribution of each of these terms,
see more details in appendix D, in the supplemental material.
These equations are easy to intepret. On one hand, the first
equation is interpreted as the distance between the electron–
hole pair, ∆R. When this distance is zero, then the electron
and hole may recombine. The trajectories satisfying this con-
dition are the most relevant in the action then. Interestingly,
the term rd(K, t, t0) contains the ballistic velocity, which just
depends on the energy dispersion of the conduction band,
but also the anomalous velocity, which depends on the Berry
curvature of the conduction band. The Berry distances ααα(k)
depend purely of the intra- and inter-band Berry connections.
These terms modify when the recombination may occur. This
is an important term to describe the so-called imperfect recol-
lisions in HHG [56]. On the other hand, the second equation
is interpreted as the energy during recombination. It will
provide the energyω of the absorptionwhen the recombination
occurs.

To compute the time evolution of different trajectories at
different initial points in the k-space, we use a discretized k-
grid in the neighborhood of the K point, as the guess for the ini-
tial positions of the electron in the conduction band, and then
evolve them using the quasimomentum K. Only those traject-
ories which recombine (∆R= 0) at a certain time contribute
to the polarization. Thus, the recollision times t and the initial
crystal momenta k can be found using equation (3).We repres-
ent one trajectory in reciprocal space in figure 5 that satisfies
the SPA condition when the pulse is right-handed circularly
polarized for trivial and topological phase. Among all possible
trajectories, just the ones that recollide at a certain energy ω,
see equation (4), are shown in figure 7. The different dots rep-
resent the found trajectories at their corresponding recollision
energyω, both for right-handed circular polarization (red dots)
and left-handed circular polarization (blue dots). In order to
better visualize the number of trajectories per energy, we add
a broadening to each one that sum up incoherently. In the top
of that, we have added, in green, the value of the corresponding
action, S(k, t, t0) (accumulated imaginary phase) at the given
recollision time of each trajectory.

For both phases, trivial and topological, the contribution
of the Berry curvature in the integral of the displacement
rd(K, t, t0) is small. Also, the contribution of the intra-band
Berry connections inααα(K) (orααα∥(K)) is larger than the inter-
band Berry connections for computing ∆R in the trajectories
that recollide. Therefore, the trajectories that satisfy the first
condition of the SPA are mostly described by the intra-band
Berry connection ξξξ22(K) and the dispersion velocity v(K) =
∇K∆E(K) =∇Kϵc(K). The latter is responsible for most of
the effects, i.e. the highest contribution is given by how elec-
trons move along the dispersion energy rather than by how the
bands are coupled by the infrared pulse. Thus, the energies ω
in equation (4) are described by the energy ϵc(k) and ααα(K)
(ααα(K)≈ ξξξ22(K)), the latter modulated by the electric field at
the recollision time.

For the topological phase in the neighborhood of K, the tra-
jectories whose energies are lower than 1.7 eV (their initial k

Figure 7. In the top panels, the dots represent the trajectories that
satisfy the SPA conditions for (a) a trivial t2 = 1

2 ts and (b) a
topological t2 = 3

2 ts phase. The trajectories for right-handed
(left-handed) circular polarization are highlighted by red (blue) dots.
In order to better visualize the number of trajectories per energy, we
add a broadening to each one that sum up incoherently. We also
represent the accumulated phase of each trajectory at their
corresponding recolision time in green. In the bottom panels, the
laser-induced x-ray dichroism spectrum around the neighborhood of
K is shown for comparison.

are not further 0.1 a.u. from K), their recollision times are lar-
ger than 11 fs., then the stronger contribution to the energy ω
is just given by ϵc(k). On the other hand, for those trajector-
ies whose energy is larger than 1.7 eV, both energy and intra-
band Berry connection contribute, the latter modulated by the
amplitude of the electric field, which groups the trajectories
together towards smaller energies for the left-handed polar-
ized IR pulse and towards larger energies for the right-handed
case. This may qualitatively explain the two-single peak struc-
ture of the light-induced dichroism spectrum just in terms of
the number of trajectories, see figure 7(a).

For the trivial phase in the region of energies around K,
the contribution arising from the intra-band Berry connections
is more notorious (both for those closer and further from the
K point), and its effect, again modulated by the amplitude of
the electric field at the different recollision times, results in

8



Rep. Prog. Phys. 87 (2024) 117901 J F P Mosquera et al

trajectories recolliding at different energies, but being over-
lapped, see the trajectories in figure 7(a). This may qualitat-
ively related to the multi-peak structure in the light-induced
dichroism spectrum, see figure 7(b).

We note that the accumulated phase of a single SPA traject-
orymay play an important role in the absorption spectrum. The
analysis above ismainly restricted to the number of trajectories
satisfying the SPA conditions, but each trajectory indeed accu-
mulate a phase given by the function of the action. Because the
absorption is sensitive to the imaginary part of the polarization
[43], those trajectories approaching to zero accumulated phase
may have a small contribution in the absorption spectrum. The
accumulated phase is indicated in figure 7 for each trajectory.

In conclusion, the most important effect in the dynamical
phase is coming from the contribution of the energy disper-
sion, but this is mainly modified by the intra-band Berry con-
nection, which depends on the amplitude and polarization of
the electric field at different recollision times. This latter effect
is different for the case of trivial and topological phase.

5. Conclusions

In this work we perform a numerical experiment and develop
a semiclassical theory to investigate the effects of the topo-
logical phase on the absorption of an x-ray attosecond pulse.
In particular, we propose an ultrafast laser-induced x-ray
dichroism scheme to study a Chern insulator. The ultrafast
scheme consists of an x-ray attosecond pulse, which excites
core electrons into the conduction band, and a secondary IR
pulse, which produces a strong intra-band motion. The IR
pulse is left-handed and right-handed circularly polarized, and
by calculating the x-ray absorption spectrum for the two IR
polarizations, and then taking the difference between them, we
obtain the absorption dichroism. We show that this scheme is
very sensitive to the change of topological phase. The absorp-
tion dichroism features are localized around the energies cor-
responding to van Hove singularities. We develop a semi-
classical theory to understand these features, correlate them
with the electron dynamics around the van Hove singularit-
ies, and associate them with an accumulated dynamical phase
that depends on the topology of the system. We show that the
main changes due to the topological phase are because the
Berry structure of the system. To further simplify the semi-
classical model, we use the saddle-point approximation. This
enables us to qualitatively study the main changes in the action
and identify the intra-band Berry connection of the conduction
band as the relevant contribution to the topological phase

We believe that our three-band model can be extended to
other systems with different spatial symmetries, such as the
ones described by a Qi-Wu-Zhang model [58], as long as the
main dynamics around the Fermi level can be describedmainly
with a valence and a conduction band, and the core band cor-
responds to a flat band.

This work opens the door to further investigations in cap-
turing coherent electron dynamics via attosecond absorp-
tion spectroscopy and infer relevant properties such as the
Berry structure or the topological phase. Future investigations

may involve the study of relevant systems for optoelectronic
applications, such as topological insulators [59]. Also, another
interesting avenue to explore is the use attosecond spectro-
scopy techniques to track the nonequilibrium topology that is
intrinsic in Floquet and quenched systems [3, 60–65], which
may require further investigations to define topological invari-
ant observables. Also, it will be interesting to explore topo-
logically nontrivial phases due to twisted layer stacking [66]
using attosecond spectroscopy.
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